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ERRATIC SOLUTIONS OF SIMPLE DELAY EQUATIONS

BERNHARD LANI-WAYDA

ABSTRACT. We give an example of a smooth function g : R — R with only
one extremum, with sign g(z) = —sign g(—z) for = # 0, and the following
properties: The delay equation #(t) = g(xz(¢ — 1)) has an unstable periodic
solution and a solution with phase curve transversally homoclinic to the orbit
of the periodic solution.

The complicated motion arising from this structure, and its robustness un-
der perturbation of g, are described in terms of a Poincaré map. The example
is minimal in the sense that the condition g’ < 0 (under which there would be
no extremum) excludes complex solution behavior.

Based on numerical observations, we discuss the role of the erratic solutions
in the set of all solutions.

1. INTRODUCTION

In this work we try to find and describe complicated solution behavior in a func-
tional differential equation as simple as possible. Let us introduce the framework
for the class of equations that we consider. Let E, F' be normed spaces, and M C FE
be an open subset. For k € Ny, the space of bounded C*—maps f : M — F with
bounded derivatives up to order k is denoted by BC*(M, F). The norm on this
space is given by

[flex = max sup [D7f(z)|,
J=0,-.. .k zeM

with the usual norm on L.(E, F). (The space BC*(M, F) is a Banach space if F
is a Banach space.) For compact intervals I C R, the space C*(I, F) is defined
analogously. When convenient, we write

(BC*(M,F),||cx) and (C*(I,F),||cx).

Let C :=C°%([—1,0],R). If I C Ris an interval, t € R, [t—1,{] C I and z: [ —
R is continuous, the segment z; € C is defined by x¢(s) := z(t + s) (s € [-1,0]).
If G € BC'(C,R) and ¢ € C, the initial value problem

o = @
has a unique solution 2% : [~1,00) — R (see [HV-L] or [DvGV-LW]). The map
¢RI x C — C, (t,p) — 2£° is a continuous semiflow. The restriction
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(I)G}(Loo) <O s C', and Dy®C exists on Rf x C. See [L-W1] for a proof of

smoothness properties, also with respect to G.
Ifg: R — Rand G(¢) = g(¢(—1)) for all yp € C, then the functional differential
equation

(@) i(t) = G(xe)
is equivalent to
(9) o(t) = g(x(t —1)).

We also write ®9 for the semiflow ®% in this case. It is easy to see that if g €
BCY(R,R), then G € BC*(C,R), and DG(¢)x = g'((—1))x(—1) for ¥, x € C.
Note that, if G(¢0) = —uw(0) + g(1»(—1)), then eq. (G) reads as

(1, 9) #(t) = —pa(t) + g(x(t - 1)).

Functional differential equations of type (G) are used as models in engineering
and biology; see, e.g., [Dr, Chapter V].

Complicated motion. Numerical solutions that appear to be ‘chaotic’ have been
observed in a number of experiments; among the earliest are the works of Mackey
and Glass [MG], Lasota [La] and of Lasota and Wazewska—Czyzewska [LWCz] on
models of type (u, g) for physiological control processes with delayed negative feed-
back.

See [GP] for a computation of dimension-like quantities from numerical trajec-
tories of the Mackey—Glass equation.

If ‘chaos’ is to be described in mathematical terms, the first question is how to
render an analytical notion of ‘chaotic’ behavior. One way of doing this is to demand
the existence of a subset of the state space on which the dynamics is equivalent to
the index shift on a space of symbol sequences indexed with Z. Since the work of
Morse and Hedlund [M], [MH], the symbol shift is a standard model for irregular,
quasi—-random motion. Typically one extracts a Poincaré map II from the semiflow
and proves that trajectories (2, )nez of IT in some open set W can be described by
symbol sequences (ay,)nez. The value of a,, indicates in which of several disjoint
subsets of W the point x,, is contained. The existence of such a shift embedding
follows if IT has a hyperbolic fixed point and a trajectory transversally homoclinic
to that fixed point. For diffeomorphisms in finite dimension, this result is due to
Smale [S]. A shadowing lemma approach that yields a description of trajectories
in some neighborhood of the homoclinic orbit was presented by Palmer [P] and
by Kirchgraber and Stoffer [KS]. For noninvertible mappings in infinite dimension,
corresponding results which even give a complete symbolic coding of all trajectories
in some neighborhood were proved by Hale and Lin [HL1], and, using a generalized
shadowing lemma, by Steinlein and Walther [SW].

The ‘transversally homoclinic’ framework applies to all presently known exam-
ples of delay equations for which complicated motion is analytically proven. For
the smoothed step functions from the earliest examples by Walther [W1] and An
der Heiden and Walther [AdHW], complicated orbits were first constructed by em-
bedding an interval map into a Poincaré map for the semiflow; the interval map
had properties as in the paper by Li and Yorke [LY]. Later, Hale and Lin [HL2]
remarked that these examples fit into the setting of transversally homoclinic points
for a Poincaré map. A detailed proof of this statement and a robustness result
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were given in [L-W1]. In the more recent examples from [W2] and [L-WW2], the
approach was from the beginning to construct transversally homoclinic points.

Hale and Sternberg [HS] obtained numerical evidence for the occurrence of ho-
moclinic orbits in the Mackey—Glass equation.

Let us briefly comment on the scope and the limitations of shift embedding
results in the ‘transversally homoclinic’ setting. On the one hand, the trajectories
described by symbol sequences are robust under C'*—perturbations of the equation
(see [L-W1] and [I-WW?2]). In this sense, the presence of shift dynamics is an
essential feature of the dynamical system.

On the other hand, the points on the ‘chaotic’ trajectories comprise only a ‘thin’
(Cantor) set, and these trajectories are dynamically unstable. It may well be that
a typical solution does not spend much time in the vicinity of the special solutions
captured by the symbolic coding. In fact, the numerical observations reported
in Section 7 suggest that this may be the case for examples similar to the one
constructed in the present paper. Results that capture complicated behavior on
‘large’ subsets of phase space, for dynamical systems given by simple analytical
expressions, are not easy to obtain even in low finite dimensions. (Compare, e.g.,
[BC1], [BC2] and [Laz].) The observations from [DL-W] suggest that, numerically,
erratic motion can take place for every initial value. A corresponding analytical
result for delay equations is currently not available.

Monotone nonlinearities. If ¢g(0) = 0, the monotonicity condition

(M) g <0

excludes erratic solutions, according to the Poincaré-Bendixson theorem for delay
equations proved by Mallet—Paret and Sell [M-PS]. It was shown by Walther [W3]
that, under condition (M), equation (u, g) with p > 0 has a global two—dimensional

attractor homeomorphic to a disc, and the planar dynamics on this attractor cannot
be complicated. Define the set S of data with at most one change of sign by

S = {peC\{0} : There exista € [-1,0] and j € {0,1} with
0 < (=1)Yp(t) for t < a
and (—1)7p(t) < 0 for a < t}.

Functions x defined on an interval unbounded to the right are called eventually
slowly oscillating if x; € S holds for all sufficiently large ¢t. Further, z : R — R is
called slowly oscillating if z; € S for all ¢ € R. The set S is of dominant importance
for the semiflow induced by equation (g), if condition (M) holds: S is invariant,
and it is shown in [M-PW] that the domain of attraction into S is open and dense
in C.

Negative feedback. Consider now the negative feedback condition
(NF) x-g(x) <0forz#0,

which is weaker than (M). The set S is also invariant if only condition (NF) holds,
and the domain of attraction into S is open. Density of this domain in C' is not
yet proved, but likely. Condition (NF) still has a restrictive effect on the possible
complexity of the semiflow: It was shown by Mallet-Paret [M-P] that under (NF),
the set of all bounded solutions which are defined on all of R admits a Morse
decomposition. This is a partition into IV invariant subsets S, ..., Sy, and into
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solutions that are asymptotic to some S; for t — —oo and to some Sy with k£ < j
fort — oo. Theindexi € {1,..., N} describes the number of zeroes per time unit,
and the solutions in the ‘lowest’ Morse set S; are the slowly oscillating solutions.
The Morse decomposition result means that, if the behavior of the solutions inside
each S; is ignored, the orbit structure looks like the attractor of a gradient flow
— equilibria and connecting orbits. However, it was shown in [L-WW2] that (NF)
does not exclude complicated motion, and that erratic solutions of (g) can be found
within the slowly oscillating class. The example function g from [L-WW2] has a
rather complicated shape with at least two extrema.

A minimal example with erratic solutions. The purpose of the present paper
is to construct smooth functions g such that equation (g) admits a shift embedding
(and hence has a set of erratic solutions), and with an only ‘minimal’ violation of
condition (M): g satisfies (NF) and has only one extremum. We obtain a solution
transversally homoclinic to an unstable periodic solution. The homoclinic solution
has a simpler shape, compared to the previous example [L-WW2]. The main result
is formulated in Theorem 6.1.

Let us mention the related result of Gedeon [G] for ordinary differential equations
with a cyclic feedback structure: That example also has an only minimal violation
of monotonicity conditions that would exclude chaotic solutions, according to the
result of Mallet—Paret and Smith [M-PSm]. Transversality is not proved in [G], but
even without transversality, a semiconjugacy with a symbol shift can be proved.

The techniques of proof in the present paper are based on [L-WW2], with some
improvements. In particular, one important step is to achieve that a solution z
starting from an initial value ¢ in the unstable manifold of the periodic orbit is close
to a prescribed ‘target’ ¢ at some time t*; an estimate of the form |z;+ — ] < € is
obtained. The idea of the construction enforces that ¢ is outside and 1) inside some
neighborhood of the periodic orbit O. Two technical improvements, compared to
[L-WW2], make the simpler shape of g and of the homoclinic solution possible:

1) The relation between the distances of ¢ and 3 to O is expressed in a more
precise, quantitative way.

2) The method of estimating |z« — 9| uses also second order terms of Taylor
expansions.

We obtain the homoclinic solution from a shooting—type argument. The transver-
sality proof is based on the criterion from Theorem 8.2 of [L-WW1]. The latter
result characterizes transversality by the condition that certain solutions of the
variational equation along the homoclinic solution are eventually slowly oscillat-
ing. That this condition can be verified is enforced by suitable modifications of the
nonlinearity.

Although the so far simplest example of delay equations with transversally ho-
moclinic solutions, our nonlinearity is still an ‘artificial’ construction, not given by
a simple expression. The erratic solutions, which are analytically described, will be
hard to observe in numerical experiments, as is discussed in Section 7.

2. HOMOCLINIC SOLUTIONS, POINCARE MAPS AND TRANSVERSALITY

In this section, we set up a framework for the analytic description of erratic
solutions of functional differential equations. Symbolic coding of the solutions,
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and their robustness under perturbation of the equation, is expressed in terms of
associated Poincaré maps.

A sequence (xn)nez of points from the domain of a map P is called a trajectory
of Pif P(xn) = Xn+1 (n € Z).

Definition 2.1. Let X be a Banach space, H C X a closed hyperplane, and
®:Rf x X — X asemiflow. Let U C C and ¢ € U. Amap P:U — H is
called a Poincaré map for ® if the following conditions hold.
(i) There exist an open interval I with inf I > 0 and a map 7 : U — I with the
property
VieIVp eU: ®(t,y) e H<—=t=r1().

(il) P(y) = @(7(¢),v)) for all ¢ € U.

Definition 2.2. If n € N and H; C X are hyperplanes, and U; C X are pairwise
disjoint, and P; : U; — H;, 1+ ®(7;(¢0), ) are Poincaré maps as in Definition
2.1 (i=1,...,n), then the map

m:Jui— |JH:, T@):=P@)if¢p el
=1 =1

is also called a Poincaré map.

Remark 2.3. IfII: U?Zl Uy — U?:l H; is a Poincaré map, then every trajectory
(Xk)kez of I defines a function x : R — X with the properties

(1) z(t+s) = D(s,z(t)) fort e R,s > 0;

(ii) there is a sequence (t)kez with x(tx) = xx (k € Z).

Proof. For every k € 7 there exists a unique i(k) € {1,...,n} with x € Uy
and () = (I)(Ti(k) (X&), Xk)- Define tg := 0,tp4+1 := t + Ti(k) (xx) for k > 0, and
th—1 = tr — Ti(k—1)(Xx—1) for & < 0. Since 7; maps into an interval I; with inf ; >
0(i=1,...,n), we have Y ;_,t1r — Foo for n — oco. Define z : R — R by
x(t) == Ot —tg—1, xp—1) if t € [tk—1,tx), k € Z. Then property (ii) is satisfied. Let
t € R, s > 0. There exist uniquely determined k,l € Z with k <, with ¢ € [tx_1, tx)
and t + s € [t;—1,t;). Then

z(t+8) =Pt +s—ti—1,x1-1) =Pt +s—t-1, Hl_l_(k_l)Xk_l)

1—2

=®O(t+s—1t1-1,P( Z i) (X5)s Xk—1))
j=k—1
—2

=®(t+s—t1—1,9( Z tit1 — tj, Xk—1))
j=k—1

(From the definition of the tj;
in case k = [, the sum is to be read as zero.)
=P(t+s—t—1,P(t1—1 — th—1, X0-1)) = P(s, D(t — tr—1, Xk—1))
= P(s,z(t)).
O

Let now H C X be a hyperplane. There exists a continuous linear functional
h € X* and ¢ € R such that H = h='({c}). With Hy := ker h, one has H = ¢+ Hy
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for every ¢ € H. Note that so far we have not required any smoothness properties
of 7 and P. If I ¢ Rt is open and ® is C! on I x X, then smooth Poincaré
maps are typically obtained from the Implicit Function Theorem, if the conditions
D(t*,p) € H and D1®(t*, p)1 &€ Hy are satisfied (see, e.g., [L-W1], or Section XIV.3
of [DvGV-LW]).

Poincaré maps associated with functional differential equations of type (G) can
be described as functions not only of the initial value ¢ € C but also of the
nonlinearity G. The following theorem is a slight variant of Theorem 1.7 from
[L-W1]. For F € BC'(C,R), we denote by ®(-,-, F) : Rf x C — C' the semi-
flow generated by equation (F'). It follows from Lemma 1.5 of [L-W1] that the
map ® : Ry x C x (BCYC,R),| |c1) — C is continuous, and its restriction to
(1,00) x C x BC*(C,R) is C*.

Theorem 2.4. Let h € C* be a continuous linear functional, ¢ € R, and set
H = h7'({c}) C C. Assume ty > 1, that p € C, G € BC*(C,R) and xﬁ)’c €
H, h(irﬁ;c) #0. Let U C C be an open neighborhood of the set {x¥¢ : 0 < s <
to}.

Then there exist bounded open neighborhoods U C C of ¢ and B C BC'(C,R)

of G and a bounded C* map 7 : U x B — R with the following properties.

(i) For F € B, the map Pr:U — H C C, Y — ®(7(¢, F), 9, F) is a Poincaré
map for ®(-,-,F), and Pr € BCY(U,C). Further, 7(p,G) = to, so that
Pa(g) = Dlto, ¢, G).

(ii) Fory € U, F € B and s € [0,7(¢), F')] one has ®(s,¢, F) € U.

(iii) If G e B and DG‘L{ is uniformly continuous on U, then DPg is uniformly

continuous, and the map B> F +— Pp € (BCY(U,C),| |c1) is continuous at
G.

Proof. There exists T > to such that {z#¢ : s € [0,T]} C U. The conditions of
Theorem 1.7 from [L-W1] are satisfied by ¢, U and G y From the latter theorem

and from Lemma 1.5 of the same reference, we obtain neighborhoods U of ¢ in C
and B ofG|u in BCY(U,R) and a local semiflow ® : [0, 7] xU x B — U C C. The

set B:= {F € BC'(C,R) : F}Z/{ € B} is an open neighborhood of G in BC'(C, R).
It is clear that ®(-,, F‘Z/l) is a restriction of ®(-,-, F') for F' € B (compare Remark
1.6 from [L-W1]). The assertions now follow from Theorem 1.7 of [L-W1]. |

We want to describe erratic solutions of delay equations by ‘chaotic’ trajectories
of a Poincaré map II. Such trajectories exist in a neighborhood of a transversally
homoclinic orbit of II. We recall this notion, and we assume the reader to be
familiar with local invariant manifolds at a hyperbolic fixed point.

Definition 2.5. Let U be an open subset of the Banach space X, andlet I : U —
X be a C' map. Let z € U be a hyperbolic fixed point of IT and let W%, W* be
local unstable and stable manifolds of II at z, respectively. A trajectory (z,)nez of
IT is called a transversally homoclinic trajectory (or orbit) if the following condition
is satisfied:

There exists ng € N such that for m,n € Z, n > ng,m < —ng, one has z,, €
W x, € W* and D™ ™(x,,) maps the tangent space T,,, W isomorphically to
a direct summand of the tangent space T, W*.
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For J, M € N, define X5, as the set of sequences (a,)nez € {0,...,J}% com-
posed of blocks 12...J and of blocks of at least M zeroes. X jjs is a metric space
with the metric d((ay), (bn)) = sup,cz 2~ |a, — by|. Define the shift operator
oM X — Zam, (an) = (Gng1)-

If a C' map II has a transversally homoclinic orbit, all trajectories in a neighbor-
hood of this orbit can be described by the symbol sequences from some space Xy,
([SW]). The first result of this type for noninvertible maps in infinite dimension is
due to Hale and Lin [HL1].

Our next aim is to establish a link between solutions of a delay equation ho-
moclinic to a periodic solution and homoclinic orbits of associated Poincaré maps.
We do this for general equations of type (G) first, and then specialize to equations
where the transversality criterion from [L-WW1] applies. Assume G € BC!(C,R).
Let y : R — R be a periodic solution of eq. (G) with minimal period > 0 and
H = h='({c}) C C a hyperplane as in Theorem 2.4. Assume yo € H, h(3,) # 0.
Let U C C be an open bounded neighborhood of the set {ys : s € R}. Then
there exist bounded open neighborhoods U C C of yo and B C BC*(C,R) of G and
Poincaré maps Pr : U — H (F € B) with the properties described in Theorem
2.4.

Define Uy := U N H and set 7 := PG|UH : Uy — H. Set Hy := kerh. The

hyperplane H = yy + Hy is, in general, not a vector space, but we can identify H
with the Banach space Hy via the map Hy > v — yg+v. Thus 7 is a C' map on an
open subset of a Banach space, and Dr(¢) € L.(Hy, Hy) for ¢ € Ug. Obviously
m(Y0) = Yo-

Lemma 2.6. Assume that the fized point yo of m is hyperbolic and unstable; let
W¥ W#* C Uy denote local unstable and stable manifolds of w at yo. Then there
exists an open neighborhood A C U of yo such that @ maps A N W™ diffeomor-
phically onto W*. Assume that z : R — R is a solution of eq. (G) different
from y and that (tn)nez is a strictly increasing sequence in R with the subsequent
properties:

(i) 2z, = (2, ) € W¥NA forn <0;

(11) 2ty = W(Zt,l) S Wu,'
(111) 2ty S WS, Ztl g HQ,'
(iv) 2z, =7(z,) € W? forn > 1.
Then there exist a bounded set V C C, open bounded neighborhoods Uy C Un of yo
in H, Uy of z, in H and G of G in BC*(C,R), and C* Poincaré maps

g :UyuU, — HCC (Feg)

with the following properties:
a) diSt(UQ, Ul) > 0;
b) {2, : n#0} C Up;

)

c) HG‘UO = 7T|U0;
)
)

[N

g (Zto) = 2ty

e) if G € G and DG|V is uniformly continuous, then DILx is uniformly con-

tinuous, and the map G > F — llp € BCY(Uy U Uy, H) is continuous at
G;
£) with xn = 21, (n € Z), the sequence (xn) is a homoclinic orbit of llg.
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Proof. Choose a bounded open neighborhood U of {z: : ¢t € R} in C. With
U from the passage preceding the lemma, we set V := U UlU;. Note that, since
eq. (@) is autonomous, we have with ¢ := 2z, that 9% (t) = 2z(tg + t) for t > 0.
The conditions 2:, & Hp,2z, € W*® C H imply the existence of bounded open
neighborhoods U] C C of z;, and B; of G in BC'(C,R) and of C* Poincaré maps
Pl(ml) :U{ — H C C as in Theorem 2.4. In particular, the analogous statement of
Theorem 2.4 (iii) holds for G € By, if Dé|u is uniformly continuous.
1

With U from the passage before the statement of the lemma, we have z;, € U
for all n € Z. Since W" and W?* are local unstable and stable manifolds of 7,
properties (i) and (iv) imply that z;, — yo for n — +o0, so the set Z :=
{yo} U{z, : n € Z\{0}}is compact. Note that z;, ¢ Z, since the z;, (n < 0)
are pairwise different and different from yg, and since W* N W* = {yg}. We can
choose disjoint bounded open neighborhoods Uy and U; of Z resp. 2, in H such
that Z C Uy C Uy, Uy C U; N Uy, and dist(Up, Uy) > 0. Assertions a) and b) are
then true. Recall B from the passage preceding the lemma; set

g = Bl n B
For F € G, we define IIr by
PP, wvely
T =< F ’ ’
rW) {PF(w)v P € Ug.

The maps IIp are Poincaré maps. Assertion c) follows from PG‘UH = 7, and

assertion d) follows from z;, € U; and the construction of Pél).

Proof of assertion e): If G € G and DG |V is uniformly continuous, then obviously

DG |L{ and DG ‘Z/l are uniformly continuous. The construction of the maps Pél)
1

and Pz according to Theorem 2.4 implies that DPél) is uniformly continuous on
Uy and that DPg is uniformly continuous on Uy. Since dist(Uy, Uy) > 0, it follows
that DIl is uniformly continuous. Further, the maps B > F — Pr € BC*(U,C)
and By 3 F +— P},l) € BCY(UY,C) are continuous at G. It follows trivially from
Uy C U,U; C Uy, and from the definition of the maps ITp that the map G 3 F —
Iy € BCY(UyU U, C) is continuous at G.

Proof of assertion f): We have x,, = 2z, — yo for n — +oo. For n < 0 and
n > 1 we have x,, € Uy, and the definition of Il together with properties (i), (ii)
and (iv) shows that

He(xn) = Pa(xn) = 7(2t,) = 2,1 = Xn+1-
For n = 0, we have xo = 2, € U1, and
e (x0) = P& (240) = 26, = X1
It follows from z # y that (x,) is nonconstant. |

We obtain robust ‘chaotic’ trajectories of Poincaré maps if the homoclinic orbit
(xn) from Lemma 2.6 has the transversality property. For arbitrary sets A C B
and maps f : A — B, we write traj(f, A) for the set of all trajectories of f in A.
We denote the maximal invariant subset of f in A by Q(f, A); then

x € Qf, A) < J(x,) € traj(f, A), o = .
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If A is a bounded subset of a normed space with norm | |, we give traj(f, A) the
topology induced by the metric d((z,,), (yn)) = Suppez 27|z, — yu|. f induces a
shift operator f : traj(f, A) — traj(f, A), (zn) — (@ns1) = (f(22)).

We do not repeat the definition of the term ‘hyperbolic set’ for noninvertible
mappings, which is used in the theorem below. (See [SW], and, for equivalent
properties, [L-WW2].) We just mention that the main difference in comparison to
diffeomorphisms is that one gives up the invariance of the unstable directions under
the derivative of the map.

Theorem 2.7. In the situation of Lemma 2.6, assume in addition that

a) the homoclinic orbit (xn) of Ug is transversal in the sense of Definition 2.5;
b) DG |V is uniformly continuous.

Then there exists € > 0 such that for eg € (0, &) there exist J, M € N open subsets
Vo,-..,Vy of Uy C Uy and a neighborhood F C G of G in BC*(C,R) such that the
following properties hold:
(1) dist(V;,V;) >04f 4,5 €{0,...,J}i#j;
(i) diam(V;) <€, i1€{0,...,J}.
(iii) Set W :=V,U... UV, and define the ‘position’ map p: W — {0,...,J},
p(x):=1iif x € V,. For every F' € F, the map

traj(Ilp, W) — {0,...,J},  (2a) — (p(zn))

maps into Xy and induces a homeomorphism p : traj(llp, W) — X,
with

pollp = op;
(iv) for every F € F, Qlp, W) is a hyperbolic set for Ilp.

Proof. Condition b) and part e) of Lemma 2.6 imply that DIl is uniformly con-
tinuous. This fact, together with condition a), allows us to apply Theorems 6.4,
6.5 and 6.6 from [L-W2]. We obtain € > 0 such that for ¢y € (0,€)] there ex-
ist J;,M € N and open subsets Vp, ..., Vy of Uy UU; with properties (i) and (ii);
further, setting W := V3 U ... U V7, the position map p induces a homeomorphism

ZN) : traj(Hva) I EJM

(see Theorem 6.4 from [L-W2]). Let ¢y € (0,&)]. From Theorem 6.6 [L-W2], we
obtain € > 0 such that the é—neighborhood of Q(Ilg, W) is contained in W, and
with the following property: For every e € (0, €] there is a neighborhood T, of g
in BC*(Up U Uy, H) such that the following two statements hold for ¢ € T':

1) For every trajectory (z,) € traj(Ilg, W) there exists a unique trajectory
(yn) € traj(¢, W) with |y, — zn| < € (n € Z), and the corresponding map h :
traj(Ilg, W) — traj(¢, W) is a homeomorphism.

2) The set Q(¢, W) is a hyperbolic set for ¢.

Choose now € € (0, € such that € < min;;; jeqi,... ny dist(V;, V;). Then, for
z € QIIg, W), one has x € V; for some j € {0,...,J}, and for y € W with
|z — y| <€, one also has y € V}, so that p(z) = p(y).

For ¢ € I'c, the map poh~! : traj(p, W) — Xju is a homeomorphism. If
(yn) = h((zy)) € traj(¢, W), we have |z, — yn| <€ (n € Z), and

(6o h™)((yn)nez) = B((@n)nez) = (P(xn)nez) = (P(Yn))nez-
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Thus p induces the homeomorphism p := po h~!. For (y,) € traj(¢, W), one has

(ﬁ o qg)((yn)) = ﬁ(¢(yn)) = ﬁ((yn-i-l)) = (p(yn-l-l))
= osm|(P(yn))] = (o701 © D) ((yn))-

Condition b) and Part e) of Lemma 2.6 show that there exists a neighborhood
F C G of G in BC'(C,R) such that for all F' € F, one has IIr € T'.. It is now
obvious that properties (iii) and (iv) hold for F' € F. O

In the above theorem, we had assumed the transversality property of the ho-
moclinic orbit (x,). It has to be verified when we construct our example, and we
employ the criterion from [L-WW1] that describes transversality in terms of oscil-
lation properties. We now specialize to the case G(¢)) = g(¥(—1)), that is, to delay
equations of type (g). If  is a solution of (g), the variational equation along x is

(9, ) i) = g'(x(t — 1))o(t - 1).

Lemma 2.8. Let g € BC'(R,R). Assume that y : R — R is a periodic solution
of (g) with minimal period n > 0. Assume further that the following conditions
hold:

(i) y is slowly oscillating;

(i) g satisfies (NF);
(iii) ¢’ < 0 on the range y(R) of y.
(iv) The spectrum of the monodromy operator Da®9(n,yo) contains a point

A e (1,00).

As in Lemma 2.6, let w be a Poincaré map associated with y and w. Then yo is
a hyperbolic fized point of m with one-dimensional unstable space. If W™ W?® are
local unstable and stable manifolds of ™ at yo then Aim W"* =1 = codim W?*.

Proof. The assertions are proved in Section 6 of [L-WW1]. In that reference, it was
assumed that ¢’ < 0 on a neighborhood of y(R), which follows from compactness of
y(R) and condition (iii). Further, the symmetry properties y(t —2) = —y(t) (t € R)
and g(§) = —g(—&)) were assumed, but these properties are irrelevant for the proof
of the above assertions; compare Remark 6.1 from [L-WW1]. O

Theorem 2.9. In the situation of Lemma 2.6 (with the homoclinic solution z),
let the underlying equation be eq. (g) with g € BCY(C,R), and set G() =
g (=1)) (¥ € O).

a) Then, with V from Lemma 2.6, DG‘V is uniformly continuous.

b) Assume in addition that y and g satisfy the conditions of Lemma 2.8. Set
p =z, € W* and let w € H be a vector that spans the one-dimensional tangent
space T,W". Consider the solution w : [tp—1,00) — R of the variational equation
(9,2) with wy, = w. Assume that the following condition is satisfied:

(T) For all (a,b) € R%\ {(0,0)}, the function a -2 + b - w is eventually slowly
oscillating.

Then the homoclinic orbit (x,) of Ug from Lemma 2.6,f) is transversal, and the
conclusions of Theorem 2.7 hold.

¢) Under the conditions of b), the domain Uy U Uy of Ilg can be chosen such
that, for all trajectories of Ilg, the corresponding solutions of eq. (g) are slowly
oscillating.
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Proof. Ad a): Since V is bounded, the set V := {¢(—1) : ¢ € V} C R is bounded,
and ¢’ is uniformly continuous on V; in particular, g’ ‘V is uniformly continuous.

For ¢, € V, x € C we have
IDG(y)x — DG()x| < lg'(¥(=1)) = ¢’ @(=1)lIx],
and hence uniform continuity of DG|V follows from uniform continuity of ¢’ |V'

Ad b): We have to show that the transversality property from Definition 2.5
holds. Set ng := 1. From Lemma 2.6(i), we have

Xn =21, € WNAforn < -—1and x, € W° forn > 1.

Let now m < —1,n > 1. Let w,, be a vector that spans T}, W*. From the fact

that 7 induces a diffeomorphism on W* N A we see that there exists A # 0 such
that D7l (xn)wm = Aw. Tt follows from assertions b) and c¢) of Lemma 2.6 that
also

(2.1) DI (o )wm = Aw.
For j > 1,let pr; € L.(Ho, Hy) denote the projection onto Hy parallel to Z;,. Recall
that the derivative DIIC is given by the derivative of the semiflow, Dy®% . followed

by projection onto Hy (see [DvGV-LW, p. 370, Proposition 3.2]), and that D,®¢
is given by solutions of the variational equation (g, z). In formulas, we have

DIl (2, )w = pri(D2®% (t1 — to, 2¢0)w) = pri(wy,).
There exists o € R with
(2.2) DIl (2t )w = wy, — .
Next, we have
DI (24,) (wyy, — aze,) = [pra 0 Da®C (t, — t1, 21,)](wy, — aZs,)
= praDa®C (t, — t1, 2, )Wy, — - Proiy,
T
= PpraWt, ,
and there exists 8 € R with
(2.3) DI (24, (we, — azt,) = wy, — B,
Formulas (2.1), (2.2) and (2.3) together give
DITE™ (X )wm = DIIE (20,) Dl (200) DTG (Xm)
= dwy, — A\BZ%, -
Set wy, := DIIE ™ (Xm )wm. Since codim T, W* = 1, we have to show w, & T, W?*.

Let ¢ denote the solution of eq. (g) with initial value (o = x,, and let v denote the
solution of the variational eq. (g, () with vy = w,. We then have

(2.4) CC)=z2(tn+-), v()=Aw(tn+-)—AB2(tn + ).

The transversality criterion from Theorem 8.2 of [L-WW1] shows that w,, & T}, W*
if, for all (a,b) € R?\ {(0,0)}, the function a¢ + bv is eventually slowly oscillating.
(Here we use that ¢’ < 0 on y(R).) In view of (2.4), the latter condition is equivalent
to the property that for all (a,b) € R?\ {(0,0)} the function az + bw is eventually
slowly oscillating, which is just condition (T). Consequently, the homoclinic orbit
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(xn) is transversal. In view of assertion a), we see that the hypotheses of Theorem
2.7 are satisfied.

Ad c¢): Recall from Lemma 2.6 that Uy and U; are neighborhoods of y, and
Zt,, respectively. Since y is slowly oscillating, there exists T > 0 with yr > 0 (see
Proposition 4.6 from [L-WW1]). Hence there exists a neighborhood Uy 4 of yo in
C such that z% > 0 for all ¢ € Up 4. As a first consequence, it follows from this
property and from convergence of z; to the orbit of y for ¢t — —oo that there exist
arbitrarily large t > 0 with z_; > 0. Hence, since the set S is invariant under the
semiflow induced by the negative feedback equation (g), the solution z is slowly
oscillating. Repeating the above argument for z;, instead of yo, we see that there
exists a neighborhood Uj + of 2, in C and a 773 > 0 such that xfﬁl > 0 for all
1 € Uy 4. Assertion ¢) now follows if we choose Uy and U; as subsets of Up 4+

and Uy 4, respectively. The proof is analogous to the proof of Corollary 5.4 from
[L-WW2]. |

3. PROVIDING A STARTING VALUE AND ‘TARGETS’

An unstable slowly oscillating periodic solution. As in [L-WW2], we start
with a function g € BC'(R, R) with the following properties:

g < 0, ¢ is decreasing on an interval [0,A4] (A > 0). Further, g(—x) =
—g(x) (x € R), eq. (g) has a slowly oscillating unstable periodic solution y :
R — R with y(R) C [—A, A]. y has the symmetry

y(t—2)=—y(t) (tEeR)
and is called a Kaplan-Yorke solution, since such symmetric solutions were first
obtained by Kaplan and Yorke [KY]. The phase of y is chosen such that

y(-=1)=0, y>O0on(-1,1).

In the notation [L-WW2], we have (y,g) € YG. On the space C = C°([-1,0],R),
we write | | for | |co, unless the more explicit notation seems favourable. For a
normed space (E, | |) and r > 0, we use the notation E(r) for the open ball with
radius r in E.

Set H :={¢p € C : (—1) =0} and let O := {y: : t € R} denote the
orbit of y in C. We have yo = y4 € H, y4 ¢ H. Let us recall some facts from
[L-WW?2]: There exists an open neighborhood Up of yg in H and a Poincaré map
P:Up — H C C. We have P € BCY(Up,H), P(yo) = yo, and DP(yo) is
hyperbolic with unstable space U C H, stable space Z C H, and dimU = 1.

There exists a norm || || on H equivalent to | |co such that DP(yo) is expanding
on U and contracting on Z w.r. to || ||, and such that ||v + w|| = max{||v]|, ||w]||}
forve Z, weU. For § >0 and a subspace W C H, we set

Wi (6) :={peW : |[¢|| <} and W(8) := {h € W : [¢)|co < 6}.
Set,
Ns:={Y € H : ||y —yol| <3} = o+ Z);(0) + U} | (9).

For ¢ € C, let ¥ : [~1,00) — R denote the solution of eq. (g) with 2o = 1.
We can choose ¢ € (0, 1/4] with the following properties: For ¢ € (0, d], the local
unstable and stable sets W*(yo, P, N5), W*(yo, P, N5) coincide with the graphs

Yo +{Y +w"(¥) : v eUy(6)}, yo+{v+w(¥) : ¥ ez}
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of Cl—maps w* UHH((S) — ZHH((S) c Z, w®: Z||||(5) — ||||(5) c U,
respectively. One has w*(0) = 0, w*(0) = 0, Dw"(0) = 0, Dw*(0) = 0.

For f: R — Rand M C R, by a modification of f on R\ M we mean a function
f:R — R with f(z) = f(z) for z € M. We will construct modifications of g
outside the range of y. The aim is that solutions of the modified equation which start
in some unstable set W*(yo, P, N5) have their segments at a time approximately
equal to 3 in a small neighborhood of yjg.

We first prove some preparatory statements that hold for all sufficiently small
0 > 0, where ¢ is essentially a measure for the distance of the starting value in
W(yo, P, N5) to yo. Later on, we pick an appropriate fixed 6 > 0. This is an
important technical detail of our construction.

Proposition 3.1. There exist ki € (0,1], k2 > 0, k3 € (0,1] such that the subse-
quent properties hold for all § € (0,0].

a) ¥ € Niys = |t — yo| < 9;
b) Vi) € We(yo, P, Npys) VE>0: 2V e O+ C(5);
C) P € H, |1ﬁ —yol < k3d = {,Cw(l — 5) > kod.

Proof. There exist K > 0 and A > 0 with the property
Vi € Wo(yo, P,N5): YVt >0: dist(zf,0) < K exp(—At)|th — yol-

(Here, ‘dist’ refers to | | = | |co.) Choose T > 1 such that K exp(—AT") < 1. There
exists ¢ > 0 such that

Vo, x € CVEE[0,T]:  |2¥(t) — 2X(t)] < ¢|x — 9|

There exist constants ¢1,c2 > 0 such that the estimates || || < ¢1| | and | | < eo] ||

1
hold. Set kl = m For 1/) S Nklé, one has |1/) —y()| S 02k16 < 5, hence

property a) holds.
If 1 € W*(yo, P, Ny, s) then 2% (t) —y(t)| < ceoksd for t € [0,T7], so dist(z}, O) <
max{cok10; ccoki0} < § for t € [0,T]. For t > T, we have

dist(z¥, 0) < K exp(=AT)|th — yo| < 1- c2k16 < 6,

and property b) is proved.
Note that [2%(1) —y(1)| = |#¥(1)| < ¢|¢p — yo| for ¢ € C. For t € (1/2,1],4 € C
with |¢) — yo| < 1, one has

() — g(t)] = |g(a¥ (t — 1)) — g(y(t — 1))| < |gler b — yol-
Set

w:=min{|g(y(s))| : s€[-1/2,0]}, ks:= min{m, 1}.
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On [1/2,1] we have |y(¢)| = |g(y(t — 1))| > p > 0, which implies y(1 — ) > p- 0 for

§ €10,1/2]. For ¢ € (0,0] and ¥ € H with | — yo| < k30, one has

1-5
V(1 —-6)=a¥(1) + / ¥ (s)ds
1—15 1-5
>y()+ [ g(s)ds —|a¥ (1) — y(1)| - / [9(s) — @ (s)|ds
~~

0 1 1
> y(1 —6) — cksd — d|g|crksd

> (1= (e + lgler)ka)s > 50,
Property c) now follows if we put ko := /2. |

It was shown in Section 3 of [L-WW2] that there exists an eigenvector xy* € H
of DP(yp) with U = R - x*, x*(0) > 0, x* > 0 on [—1,0). We can choose x*
such that ||x“|| = 1. Let «%,7° denote the projections onto U, respectively Z,
according to H = U @ Z. Recall the set S C C of segments with at most one sign
change. It is known that SN Z = () (see, e.g., Corollary 5.4 from [L-WW1]). Since
Yo € S, we have m#yg # 0, and so there exists a unique real number 7y > 0 with
™yo =no - x*. Define i : R — U, 7 +— r -1y - x*. The map ¢ is an isomorphism,
and i1 (7% (yo)) = 1. Set

H:N; — R, H®):=i"'[r"() —yo) — w* (7Y — p0))]-

Then, for all § € (0,6] and 1) € Nj, we have the equivalence
(3.1) ¥ € W*(yo, P, Ns) <= H(y) = 0.
We provide a Lipschitz estimate for H: For x € U, x = A - x%, we have ||x*|| = A
and

. 1A u (Al 1

it x| = i (= mox )| = = = —|Ixl|-

"o Mo "o

Since w?® is C! and Dw?*(0) = 0, there exists 6 € (0,0] such that w® has Lipschitz

constant 1 on Z| |(0). Since the operator norms ||7*|| and ||7°|| are equal to one,
we obtain for x,9 € Nj:

1 2
H(W) —HOO < —[ll7"[[ - 1Y = woll + 7| - [|¥ = woll) = —1¥ — woll.
Mo 7o

We now provide ‘target’ segments. Later, we want to steer the phase curves of
solutions starting in some unstable manifold of yy into a neighborhood of these
targets.

Proposition 3.2. Set ¢y := (1 + Nyo for A € R. There exists N\ € (0,1) such
that, for A € [—Xg, Xo|, one has

H(pr) = %A ifA>0, Hpr) < %)\ if A< 0.

Proof. Since w®(0) = 0, Dw*(0) = 0, there exists r € (0,1) such that for y € Z
with [[x|| <,

s Tlo
w I < s Xl
e Ol < 5t I
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r
Set A\g := ——————. For A € [—\g, Ao, we have
(llmsyoll + 1)
7% (ox — yo)ll = [Al- [[7*yol| < Aollm*yol| < 7,

and

S(_8 o s Tlo

w(7° (ox — Yo)|| < 77— - ||™°%0|| < S IAL
(*(r =) < gt Nl < 2

It follows that, for A € [—Ag, \g], one has

- 1 no Al
1 S _ < A = .
(o =) € R = 5
We obtain
H(px) =i " (Ayo) — w* (7°(ox — y0))]
= Xi~ (7" yo) =i~ 'w® (7 (ox — y0))
=1
A Al
A—— A+ —
E [ 2 ? + 2 ]7
and the assertion follows. (|

Proposition 3.3. There exist &' € (0,0] and constants My > 0, ky € (0,1], dy > 0
such that for all v € (0,0'] there exist functions ¥y,v_ € N, with the following
properties:
(i) ¥, v are C%, s >0 on [~1,0), ¥4 (0) =0, and 1+ < 0 on [~1,0], and
Pi(t) < —dy <0 fort e [~1/2,0].
(i) |[Ysle2 < Mo.
(iil) For all ¢ € 4 + H(kqt) and for all x € v— + H(kqt), one has ¢, x € N,, and

H() > 0> H(x)-

Proof. Choose Ag as in Proposition 3.2, and choose &' € (0,6] such that &' <

. o 1
2 “Xo. Set Ms := (Mg +1 2 and ky := ———— —}. It foll
||y0|| 0 € 2 ( o+ )|yO|C2+ an 4 mln{32(||y0|| + 1)7 5} ollows

from eq. (g) that there exists D2 > 0 such that y{(t) < —Dy < 0 for t € [-1/2,0].

Set dg := (1 — Xg)D2. Let now ¢ € (0,¢'] be given. Set A := ——————; then
2(I[yoll + 1)
A < Ag. With ¢y as in Proposition 3.2, we have

L = A
llox = ol = lIAgoll < 5 < 6, and H(px) = 5.

Ify € py+ HH ||(2k4b) then

1% — yol| < 2kat + ||ox — yol| = (2ka +1/2)e < ¢ <6,

so we have ¢, px € N;. Using the Lipschitz estimate for H, we obtain for all
P € oy +H|| H(2k4b):
2 A L L
(83) M) >H(pa) — — 2hu > 2 - - .
o 8(Ilyoll +1)  8(llwoll +1)
Set p(z) := (x — 1)(x + 1) for & € [-1,0]. Then

p(z) =2z <0forz €[-1,0), p'(0)=0, p’(x)=2forze[-1,0],

and |p|c2 = max{|p|co, [p'|co, [P |c0} < max{1,2,2} = 2.
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Consider now the functions ¢y ¢ := ¢ — ¢ p for € € (0,1). These functions are
C? and have the following properties:
tp’/\76 = (14+ Ny, —ep’ > 0 on [—1,0), @&76(0) =0,
—_———

>0

903:76 = (1 + )‘)yg —2e <0 on [_17 0]7
—_———
<0
and
Phe(@) <el(@) = 1+ Nyg (@) < —(1 = Ao)Da = —d2 <0
for x € [-1/2,0]. Further, we have
loaelez < lealez + elplez < (Ao + 1lyolez + 2 = Mo.

Choose € € (0,1] such that [|ore — @all < kst and set ¢4 := @r.. Then 1,
has the properties asserted in (i) and (ii). Let now ¢ € ty + H) ||(kat); then
Y € o + Hyj||(2kat), so (3.3) shows that H(¢p) > 0. Further, since ||ox — yol| =

[|Avol| < ¢/2, and ¢/2 + 2kqt < (1/2 4 2/5)¢ < t, we have 11 € N,. Consequently,
14 also has the properties stated in item (iii). The construction of ¥_ satisfying
L

conditions (i)—(iii) is analogous, setting A ;== —————. O
2([lyoll + 1)

The next proposition is the main step towards the choice of an initial segment
through which there is a backward solution of eq. (g), the phase curve of which
converges to the periodic orbit O. Later, we will find a modified equation such that
the backward phase curve is preserved and the forward phase curve also converges
to O. In the proof of Proposition 3.4 below, we refer to the proof of Proposition
3.1 from [L-WW?2], which is partially analogous.

Proposition 3.4. For every § € (0,0], there exist o € W¥(yo, P,N;) and 6, €
(0, A — y(0)) with the subsequent properties. (With ks from Proposition 3.1, set

2N —
§ = %, so that | — yo| = k36/2.)
3

a) 0 <6, o0) <A, ©0)—y(0)> b > ksd/8, 6 < 8. Further,
P(=1/2) > y(=1/2)/2.
b) There ezists a solution X : R — R of eq. (g) with Xo = ¢.
¢c) X >0o0n[-1,0), X<O0on(0,1, X(-1)=0.
d) There exist 6,04 € (0,1/4) such that
X(t) > y(0) + 61 fort e (—0_-,04);
X(=0) = X(0;) = y(0) + &1
—y(0) —1/2 < X (t) < y(0) + 1 fort € (—o0,—0_);
—y(0) —1/2 < X (¢) for t € (—oo, 1].
e) O_ <94, 64 <4.
£) 1g(y(t)) —g(X(#))] < y(0)/4 for t € [0,1].
g) The tangent space T,W™"(yo, P, N5) is spanned by a segment w € H with
w(0) > 0.
h) The solution w : [—1,00) — R of the variational equation (g, X ) with wg = w
satisfies w(t) > 0 fort € [-0_,04].
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Proof. 1. Assume that properties b), ¢) and d) hold for some ¢ with ¢(0) > y(0)
and some &, € (0,¢(0) — y(0)), and for corresponding numbers ¢_, 6. Then the
analogous properties hold for every 01 € [61,¢(0) — y(0)), with the corresponding
numbers 6_,0,. These 61 are uniquely determined, in view of ¢), and we have
limg, gy y(0) O = 0.

2. It was shown in Proposition 3.1 of [L-WW?2] that there exists ¢ € W"(yo, P, N5)
such that properties b),c),d), f) and g) hold. (Concerning property f), note that
the number L from part b) of that proposition is a Lipschitz constant for g.) It is
clear from the construction that these properties can be achieved with ¢ arbitrarily
close to yo.

3. All ¢ € W"(yo, P, N5) with ¢(0) > y(0) and sufficiently close to yo are of the
form p = @, =yo + 7 - x* + w*(r - x*) for some uniquely determined r > 0. If r is
so small that

u u 1 u
(3.4) Jw* (rx*)| < grlx l,

then, using |x*| = x*(0), we obtain

lor(0) —y(0)] = rx“(0) —
LA
_-—TX
(3.5) 29
> LI (e x)
1

= §|<Pr — yol-

4. Let now 4 € (0,4]. In view of steps 2 and 3, we can choose 7 > 0 so small that
= @, satisfies

(36)  00) <A lo—wl < 2. 0(0) ~y(0) <5, p(-1/2) 2 y(-1/2)/2

and that properties b), ¢), d), f) and g) hold with some 8; € (0, (0) — y(0)) and
corresponding numbers 6. Then, setting 8 := 2|¢ — yo|/ks, we have § < §. Using
step 1), we can choose 01 € [d1,(0) — y(0)) so close to ¢(0) — y(0) that properties
b), ¢), d), f) and g) also hold with §; and the corresponding numbers 6 instead of

61 and éi, and that, in addition, the following conditions are satisfied:

(i) 0_,04+ <6, so that property e) holds;
(ii) property h) holds (here we use the continuity of w);
0) —y(0
i) 6y > £0=10)
It remains now to check that a) holds. In view of (3.6) and the choice of d;

and d, we only have to prove the inequalities 1 < 0 and §; > k3d/8. First,
91 < ¢(0) — y(0) < 0. Second, from (ii) above and from (3.5), we get

0) —y(0 1
0 > M > 1|90—y0| = k30/8.
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We are now ready to choose an initial value and targets. Set

2= Iy Olls(un(—1/2)/2)] > 0 and ¢, = |/ 1.
Recall that & <5 <8< 1 /4. Choose S¢ (0,0'] such that the following inequalities
hold for all 6 € (0, 9]:
(3.7)
(i) y(2-106) —y(1+0) < —y(0)/2;
(ii) 2d|glco < y(0)/8;
(iii) 12(5|g|c1 < 1/2;
(iv) 2¢,V6 <1/2 -6, & <cy-V0;
)

kak1ksd
(V 10M20963/2§ 674,
o OMy o kakiksd
< .
() 570" = =35

We now apply Proposition 3.4 with this number 5. From now on, let ¢, § €
(0,0], X, 0+, 01 € [k3d/4,k36/2], and w be as in Proposition 3.4. We set

L= klél.

Then ¢ < 6; < 6 < 6 < &, since ky, ks < 1. Applying Proposition 3.3 with this
number ¢, we obtain ¢4,9¥_ € N, with the properties listed in items (i)—(iii) of
Proposition 3.3. Set

s :=(1—38)— + sp4 € N, for s € [0,1];

these functions s will be the targets.

4. SUCCESSIVE MODIFICATIONS OF g

We obtain our example by successive deformations of the original nonlinearity
g, which satisfies ¢’ < 0. The modifications are such that the unstable periodic
solution y of eq. (g), together with local unstable and stable manifolds, is preserved.
The initial value ¢ from the unstable manifold leads to a homoclinic solution for
the finally obtained equation.

The methods are partially similar to the ones used in the previous example from
[L-WW?2]. However, obtaining the simpler shapes of both the nonlinearity and the
homoclinic solution requires finer techniques for estimates on solution behavior,
compared to [L-WW2]. In addition, the necessity to avoid zeroes of the derivative
of the nonlinearity (except for one) leads to some technical complications. We have
already encountered one of these technicalities — the addition of the term —ep to
@ in the proof of Proposition 3.3, which had the purpose to achieve 1./& < 0 on
the whole interval [—1,0].

If h: R — R is a continuous modification of g on R\ [—y(0) — 1, y(0) + 6] then
X satisfies eq. (h) on (—oo,1 —6_]. Tt follows that there exists a unique solution
of (h) defined on R which coincides with X on (—oo,1 — #_]. We denote this
solution by z(-, k). Obviously, dist(z(-, h):, O) — 0 ast — —o0, and z(+, h)o = .
Similarly, if h is C!, we use the notation w(-,h) : [-1,00) — R for the solution
of the variational equation (h, z(+, h)) with initial value w(-, h)g = w, and we have
w(-,h) =w(,g) on [-1,1 —0_]. (Here, w is as in parts g) and h) of Proposition
3.4.)
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We want to find a modification g* of g such that the phase curve of z(-, g*) is
homoclinic to O. Further, we want to achieve that the solutions 2(-, ¢*) and w(-, g*)
of the variational equation (g*, z(+, ¢*)) satisfy the assumptions of Theorem 2.9.

Remark 4.1. Let j € C*(R,R) be a modification of g on R\ [—y(0) —1,y(0) + &1].
If there exists t* > 0 with z(-,§)i~ € W*(yo, P, N,) then the solution z(-,§) of eq.
(g) has a phase curve homoclinic to the orbit of y.

Proof. Set
d] = Z('ug)t* S Ws(y07P7 Nb) = Ws(y07P7 Nk151)'
From Proposition 3.1,b), we know that the solution z¥ : [~1,00) — R of eq. (g)

with :z:}f = ¢ satisfies 27’ € O + C(6) for t > 0, so z¥ is also a solution of (§). It
follows that z(t. +t,§) = x¥(t) for t > 0, so dist(z(-, §)¢, O) — 0 for t — co. O

The next statement is an improved version of Proposition 2.2 from [L-WW2]
which helps to avoid zeroes of the derivative in the construction of nonlinearities.

Proposition 4.2. Let a,b € R, a <b, and ¢ € C°([a,b],R). Set m := min(, and
M :=max(. Assume m < M and that

(4.1) p({s € [a,0] = ((s) € {m, M}}) =0,

where p denotes the Lebesque measure. Let K > 0, B > 0, My € (0,B), ag >
0, a1 >0, M; <0 and n > 0 be given such that

(4.2) Mo(b—a)< K <B(b—a) and «aolb—a)<K.

Then there exists v € (0, 25™) and a continuous map

(OaO‘O] X (0,@1] - (OO([va]vR)v| |00)7

(mo,ml) = h('vm()vml)

such that, for every (mg,m1) € (0, 0] x (0, 1], the function h = h(-,mg,m1) has
the following properties:
(i) h e CY(m,M],R);
(ii) h(m) =mo, K'(m) =my, h(M) = My, h'(M) = M;;
(i) 0 < h(z) < B for x € [m, M], h'((m+ M)/2) =0, and
R(x) >0 forx € [m,(m+ M)/2), h'(x)<O0 forze((m+ M)/2, M.
b

(iv) [h(((s))ds = K;

K

>
(¥) ho) > g7
6 [ nCepdssn [ hEes <o

s€la,b] s€(a,b]

¢(s)E[m,m+r] ¢(s)e[M —r,M]
Proof. Take a function x € BCY(R,R) with x(z) = 0 for z < 0, ¥ > 0 on (0,1)
and x(z) =1 for > 1. It follows from (4.2) that there exist A1, A2 > 0 with
max{aO,MO} <A < A< B, and

(4.3) §< M(b—a) < K < A(b—a).
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Choose a function 3 € C([m, M],R) with B(m) = '(m) = /(M) = B(M) = 0
and with §'(z) > 0 for x € (m,(m + M)/2), #'(z) < 0 for z € ((m + M)/2,M).
Choose pg € (0, (M — m)/2] such that

(4.4) A2 + polBlce < B.

For mo € (0,a0], m1 € (0,a01], p € (0,p0] and A € R, we define a function
fP;>\ = fp7)\;mo7m1 : [va] — R,
[mo +ma(z —m)](1 = x((x —=m)/p)) + X x((x —m)/p)
for x € [m,m + pl,
for(x):==¢ A for x € (m + p, M — p),
[Mo + My (x = M)J(1 = x((M —z)/p)) + X - x((M —x)/p)
for x € [M — p, M].
Set gp.x 1= Gp,r\mo,ma = o\ mo,my + PO for p, \,mo, my as above. Note that both

fox and g, » are in C'([m, M],R) and satisfy the boundary conditions that are
imposed on the function A in assertion (ii).

(4.5) Claim: For A > 0 and p € (0, po] with
(4.6) mo +mip < A and M0+|M1|p<)\,
the function g := fj, x,mo,m, satisfies
g (x) >0for x € [m,(m+ M)/2), ¢(z)<0forze((m+M)/2),M].

Proof. Let A > 0 and p € (0, po] satisfy the assumptions of the claim. First,
g'(m) = f, \(m) =mq > 0. For x € (m,m + p), one has with { := (z —m)/p that
g'(x) = mo(=X"(§)/p) + m1(1 = x(£))

—_———

>0

+ma(z —m)(=x'(€)/p) + M)/ p + pB'(2)
(A =mo)X'(€)/p — m1(x = m)x'(§)/p+ pB'(z)

> MX'(@ (note that 5 > 0 on (m,m + p) C (m, (m + M)/2))

> 0 (from (4.6) and the choice of ).

Y

For x € [m + p, (m 4+ M)/2) respectively x € ((m + M)/2, M — p|, we have ¢'(z) =
pB'(z) > 0 respectively ... <0
Forx e (M —p,M) and £ := (M — x)/p,

g'(x) = Mox'(§)/p+ Mi(1 — x(£))
— ——

<0
+ Mi(z — M)X'(§)/p — AX'(€)/p + pfB' ()
<0
< Mot Milp =2 ey <o,

p

Finally, ¢'(M) = My < 0. The claim is proved.
According to (4.3), we can choose p; € (0, po] such that max{ag + a1p1, Mo +
|[Mi|p1} < A1. Then, for mo € (0,a0], m1 € (0,a1], A € [A1,A2] and p € (0, p1],
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condition (4.6) is satisfied. Claim (4.5), the definition of g, x, and inequality (4.4)
show that we have

(47) |gp,>\7mo7m1|CO < gp,>\7mo,m1((m + M)/2) <A+ p|ﬁ|co <A+ p0|5|00 < B.

Set €1 := K — M\(b—a), €2 := Aa(b—a) — K. For p € (0,p1], we set E, := {s €
[a,b] : C(s) € [m,m+ p]U[M — p, M]}. It follows from condition (4.1) and the
o—continuity of the Lebesgue measure that there exists ps € (0, p1] such that for
p € (0, p2] one has

(4.8) W(E,) <min{7]/B, ; min{er, ez} }

(B +Aa(b—a) +A2)
Choose p3 € (0, p2] such that
min{e, ez}

3

Let now p € (0, ps], A € [A1, A2], mo € (0, 0], m1 € (0,1]. Using (4.7) and (4.8),
we obtain

p3(b—a)|Blco <

b
I/mmem@@D%—Aw—aﬂ

a

< W(E,)(B +A(b - a))

[ g GE)ds = Ab- a)
s€la,b]\E,

<l [ e pa(clds A - a)
s€la,b]\E,

(use (4.8) and the definition of g, A mg,m,)

min{eq, €
el L pncumn s [ s
s€la,b\E,
min{eq, €
< WM C) | r (B, + (b~ )| Bl
min{el,EQ} min{el,@} min{61,62} _ min{€1’€2}.
3 3 3
Consequently, we have for mg € (0, ag], m1 € (0, 1] that
b b
(49) /gp3;>\1;m07m1 (C(S))ds <K< /gps,kzﬂno,ml (<(8))d8

The definition of the functions g,,,x,me,m, shows that the map
v P‘la /\2] x [07040] x [07041] 3 (Avm@aml) = Gps,\mo,ma € (CO([va]vR)vl |C°)

is continuous. It follows that the map
b

wwmwmmew—m,wwmmHﬁmWw«@w

a
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is continuous. j is differentiable w.r. to the first argument, and one has

(4.10)

O (A mo, ma) = / X((C(s) — m)/ps)ds
s€la,b],¢(s)€[m,m+p3]
4 / (M = ¢(5))/ps)ds + / 1 ds
s€la,b],¢(s)E[M—p3,M] s€la,b]\E,

> p([a, b] \ Ep) > 0.

It follows from (4.9) and (4.10) that for all (mg, m1) € (0, ao] % (0, as] there exists a
unique A(mg, mq) with j(A(mg, m1), mg,m1) = K. Further, (4.10) and the Implicit
Function Theorem imply that the map X : (mg,m1) — A(mg, m1) is continuous.
Set now

h('amﬂvml) = gpg,k(mo,ml)ﬂno,ml for (mOaml) € (0,0éo] X (0,0&1],

and set r := p3. Continuity of A(+,) and of the map v above imply that the map
(mo,m1) — h(-,mg,m1) € (C°([m, M],R),]| |co) is continuous.

We check the asserted properties (i)—(vi) now: Properties (i) and (ii) are clear
from the definition of the functions g, x. Property (iii) follows from (4.7) and from
Claim (4.5). Property (iv) holds, since

b
/h(((s),mo,ml)ds = j(A(mg,m1), mgp, m1) = K.

a

Property (v) follows from the definition of the g, » and from the first estimate in
the second line of (4.3). Property (vi) follows from property (iii) together with the
estimate Bu(E,) <7 (see (4.8)). |

We now construct the first modification g; of g, which will steer the solution
z(+,g1) to negative values away from the range of the periodic solution y. Parallel
to controlling the behavior of z(-, g1), we have to keep track of properties of w(-, g1),
which will finally make the proof of transversality possible. From now on, Figure 1
should be helpful in following the construction. (See figures at end of paper.)

Proposition 4.3. There exists a modification g1 of g on [y(0) + d1,00) with the
following properties:

a) g1 € BCY(R,R), and g, satisfies (NF);

b) ¢ <0 on [0,0);

c) z(1,g1) <0, and z(-,g1) has a unique zero ty in (1 —4,1).

Setting tmin := to + 1, we have

d) 2(t,g1) <0 fort € (0,tmin) and 2(t,g1) > 0 for t € (tmin, 2 + 04];

e) z(1+04,91) < —y(0) - 1;

f) w(tmin,gl) < 0.

Proof. Choose n € BC*(R,R) with n(r) = 0 for » < y(0) + 6; and with 7(r) < 0
for r > y(0) + 1. Set gy := g+ A-n for A > 0. The functions g, satisfy (NF),
and g4 < 0 on [0,00). The solutions z(-, gx) and w(-, gx) are defined for A > 0, and
2(t,gx) = X(t) for t € (—o00,1—0_], w(t,gr) =w(t,g) fort € [-1,1—0_]. Since
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0_ <6, we have z(1 — 8, gx) = X (1 —6). Since | — yo| = k30/2 and 6§ < § < §, we
see from part ¢) of Proposition 3.1 that X (1 — §) > k26 > 0. Hence we have
(4.11) z(1=4,gx) > 0.

Now

0
(Lgy) = 2(1—6.gx) + / (g An)(X (s))ds
s

0 0
§X(1—6)+/g(X(s))ds+)\ / n(X (s))ds
-0 —0_

The last integral is strictly negative, because the interval X ([—6_,0]) = [y(0) +
01, ¢(0)] does not consist of one point only. Hence we obtain

Agnwz(l,gA) = —o0.
For t € (1,14 6), we have
£t gx) € (g + ) (X[(0,604)]) = (g + M)[ ((y(0) + d1,¢(0)) ] € (—00,0],
so that also
Aﬁnwz(l +04,9\) = —o0.
There exists A\g > 0 such that for A > \g one has
(4.12) z(1,g9x) <0, z(1+604,9x) <—y(0)—1.

Similarly, using property h) from Proposition 3.4, we obtain w(t,gx) < 0 on [1 —
6_,1+64], and

Alim w(l,gx) = —o0, Alim w(l+04,9)) = —oc.
Note that with W := sup{|w(s,g)| : —1 < s <1—0_}, we have W > w(0) > 0,

and

sup{|w(s,ga)| : —1<s<1—-6_} =W for all A > 0.
Choose A1 > Ag such that, for all A > Aq,
(4.13) [w(l+04,9x) = max{|w(s,gx)| : —1<s<1+4+64;}, and
w(l 404, 9x) < =3|glcrW.

For A > 0, property (NF) shows that z(-, gx) is strictly decreasing on [0, 1], and
therefore z(t, gx) < z(0+, gx) = y(0) + 61 for t € [04+,1]. It follows that

gr(z(t —1,9x)) = g(z(t —1,9x)) for t € [1 464, 2].
For t € [14 64,2 — 6_], we obtain the following estimate from the definition of W:

(4.14) w(t, ga)l = 19" (2(t = 1, gx))w(t — 1, 9x)| < |gler W.
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For t € [2—6_,2] and A > A1 we have, using (4.13), the estimate

i (t, )| = 19" (2(t = 1, 9x))w(t — 1, 95)]
(4.15) < |glcr sup{|w(s,ga)| : s€[1—0_,1]}
= |gler|w(l + 04, 9x)]-

Set now g1 := gy, . Properties a) and b) follow from 7 < 0 and from g’ < 0. The
inequality in ¢) follows from (4.12). We see from (4.11) and (4.12) that z(-, g1) has
a zero to € (1 —9,1). This zero is unique since 2(-,¢1) < 0 on (0,1]. It follows
now from (NF) that, with tmin := to + 1, 2(t,91) < 0 for ¢t € (0,¢min). Since
ty € (1 — 0, 1), we have Z(t,gl) <0 forte (to,tmjn) D (t0,2 — 5) D (to,l + 9+],
and therefore 2(¢,g1) > 0 for ¢ € (tmin, 2 + 04+]. Assertion d) is proved. Assertion
e) follows from (4.12).

Proof of assertion f): For t € [2 — §,2 — 0_], we have from the second line of
(4.13), from (4.14) and eq. (g1,2(-,91)) that

w(t,g1) Sw(l+01,91) + gl W(2—0- —(1+64))
<w(l+04,01)+ gl W

\V]

2
< g’UJ(l + 0+7gl) = _§|w(1 + 9+agl)| <0.

For t € [2—60_,2], we obtain from (4.15) and from 0_ < § < 1/3|g|c1 (see (3.7)(iii))
that

w(tﬂgl) <w _0—7gl)+6‘—|g|01|w(1+9+a91)|

(
2 1 1
< —§|w(1 +04,91)| + §|w(1 +04,01) = —§|w(1 +04,91)] <O0.

Hence w(t, g1) < 0 for t € [2—6,2]. Recalling that ¢ty € (1—4, 1), we obtain assertion
f). O

We set zg := 2(14+64,¢1) (then zp < —y(0) — 1), and z4 := 2(2 — 4§, g1). (We define
numbers z1, 29, 23 later.)
Corollary 4.4. Fort € [2— 0,2+ 04], one has

2(t,91) < z4 + 26|g|co < 20 — y(0)/8 < 0.

Proof. Fort € [1+64,2—6], wehavet —1 € [#1,1—6] C [#+,1—6_], so we obtain
from Proposition 3.4,c) and d) that z(¢t — 1,¢91) = X(¢ — 1) < y(0) + é;. Using
Proposition 3.4,f) one gets
2(t, 91) —9(t)] = [9(X(t —1)) = g(y(t — 1)) <y(0)/4 for t € [1 + 64,2 —4].
Recalling that ¢ < 0 on [1,2), that 6, < §, and using inequality (3.7)(i), we get
24 =2(2-06,91) < 2(1+04,91) +y(2—0) —y(L+64) +y(0)/4

(4.16) <20 +y(2-0)—y(l+0)+y(0)/4

< 20 —y(0)/4.
Proposition 4.3,d) shows that
(4.17) 2(t,g1) < 2(2—0,91) = 24 for t € [2 — 8, timin]-
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For t € [tmin,2+ 0], we have z(t —1,¢1) € [2(1+64+,61),0] = [20,0] and |2(¢, g1)| =
lg(z(t —1,91))| < |g|co. For these t, it follows from the above estimate that
2(t,91) < 2(tmin, 1) + (2 + 01 — tmin)lglco
(4.18) <zi+ ((240) = (2-19))lglco
= 24 + 20]g|co.
Combining (4.17) and (4.18), we obtain the first estimate of the assertion. The

second estimate follows from (4.16) together with the choice of §, namely, from
(3.7),(ii). The property zo — y(0)/8 < 0 is clear. O

Recall the functions i, (s € [0,1]) from the end of Section 3. Our aim is to find
a family {gs}seo,1] of modifications of g such that, for an appropriate time t*,
the segment z(-,gs)¢ is close to 1, for all s € [0,1]. The construction of such
nonlinearities in the next lemma includes an application of Proposition 4.2. To
prepare this application, we need some notation. We know from Proposition 4.3
that 2(t,g1) < 0 for t € (0,tg + 1), and (0,0 + 1) D [1 + 04,2 — J]. Consequently,
Z('agl)‘[l 40,24 has a O inverse function

T [1 + 9+72 - 5] - [2(2 - 6791)7Z(1 + 9+agl)] = [Z47Z0] CR.
Recall that, for all s € [0,1], we have () > 0 for t € [—1,0), () < 0 for
€ [-1,0]. Set

i 12;5(_1)
= s(—1 0; = —_—
ao sren[%,)i] ¥s(=1) > a1 sE[O,lI]I,lt%)[(O,l/AL] 21404 +t,g1)

> 0;
Mo == g(2(1+0+,91)) = g(z0) > 0; M = g'(20) < 0;

n:=y(0)/16, K :=—2(2+604,91).

(From Corollary 4.4, we have K > 0.) Choose now § € (0,1/4) such that the
following inequalities hold:

(4.19) 0 < o;

(4.20) 2(1404 +0,91) > 2(1+ 05, 91) —y(0)/16 = z0 — y(0)/16;
. 2K +1 kakyksd

@ay i+ 2B D g maxdlgion, M) + lgleo] < R,

(4.22) Mo < K, apf < K.

Set B := (K +1)/6. Finally, define 23 := z(1 464 + 0,91). Note that the choice of
aq and the inequality 6 < 1/4 imply that, for all s € [0, 1],

S (1
(423) 0< - ¥ ( )~ < aj.

2140+ +0,91)
Lemma 4.5. There exist a continuous map

[0,1] 3 s = gs € (BC°(R,R), | |¢o0)

and numbers 71,72 € (14604, 14+04 —|—9~) and zmax € (23, 20) satisfying the subsequent
properties for all s € [0,1]. (We set z; := z(1i,¢1) (i = 1,2).)
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2) g, € BC'(R,R), and g, satisfies (NF). g, = g1 on [20,50) D [~y(0) - 1,50),

and
gt >0 on (—00, Zmax); 9% <0 0on (zmax, 00).
K+1 K
b s(Fmax) = ~ 9 32_~0nzaz-
) 9s(2max) 7 952 22 }]
1 1+9++0
O [ altait <05 [ gl <y0)/16, o
14604 T
140, +6
gs(2(t, g1))dt = —2(2+ 04, g1).
146,

A) gs(2(t,g1)) = s(t — (2+ 04 + ) fort € [1+64 + 60,2 — 3.
e) gs(x) < My for x < zs.

a,

Proposition 4.2 to the function ¢ and with the numbers K, B, My, oo, a1, M7 and n
from above. Condition (4.1) is satisfied, since ( is strictly decreasing, and we have
m =min{ = z3, M = max( = zg. The inequalities in (4.2) are satisfied, in view
of (4.22) and the choice of B. Applying Proposition 4.2, we obtain a number r €
(0, (20 — 23)/2) and a continuous map h : (0, ] x (0, 1] — (C°([z3, 20], R), | |co)
with the properties (i)—(vi) listed in Proposition 4.2. We now define g, for s € [0, 1].
(See Figure 2.) Note that the second inequality of Corollary 4.4 and (4.20) imply
24 < Z23.

Proof. Weseta:=1+0,, b:= 1+9++é7 and ¢ := z(-7gl)H b We want to apply

g1(z) for x > zo;

s (— Us(=1) or x € [z3, 20;
h(x7¢s( 1)7 Z(l + 9+ —|—9~,gl)) f S [ 35 0]>
gs(x) :== Vo (1(x) — (24 04 +0)) for € (24, 23);

] - 12;5(_5_94' _é)
Ys(—0 — 04 —0) - exp[(z — Z4)'¢',S(_5 0, —0)- 22—, 91)]

for x € (—o0, 24].

Set 1 :=7(20 —7) and 7o :=7(23+7),s0 that 1 + 6, <71 <70 <1464 +0. Note
1/)5(_1)

21404 +6,91)

(0,1]. Note also that for z € (z4,23), we have 7(z) € (14 04 + 6,2 — §), so
m(z) — (24604 +0) € (—1,-6 — 0, — 0), which shows that g, is well-defined on
(24, 23). We now prove the asserted properties of the functions ¢g,. For s € [0, 1],
let gs1,9s,2,9s,3 and gsa denote the restrictions of g5 to I; := [z9,00), 2 :=
[23, 20], I3 := (24, 23), 14 := (—00, 24], respectively. It is clear from the definitions,
from assertion (i) of Proposition 4.2, from the fact that s € C?([-1,0],R), and
from C!—smoothness of 7 that gs; € BC'(I;,R), i = 1,....,4. The map [0,1] >

that g, is well-defined on [z3, z0] since 93(—1) € (0, ] and



ERRATIC SOLUTIONS OF SIMPLE DELAY EQUATIONS 927

s s € (C?([-1,0],R),| |¢2) is continuous, and the map
E: R+ XR” — (BCO((_OO’Z4]5R)7| |CO)3

p
E = — )
(@.8)(w) = expl(z ~ 20) 535 )
is continuous. In view of continuity of the map h, it is now obvious that the maps
[0,1] 3 s+ gs; € (BCO(I;,R),]| |co) are continuous for i = 1, ..., 4. O

Claim: g5 € BC*(R,R) for s € [0, 1], and the map
[0,1] 35— g5 € (BCO(R,R), | |co0)
is continuous.

Proof. Tt suffices to show that the functions g, are continuously differentiable at the
points zg, z3, z4; the continuity assertion then follows from the statement preceding
the claim. Using g3 = g on (—o0,y(0)+d1), and property (ii) from Proposition 4.2,
and recalling M = 2y, we see that
lim +gs(:z:) =g(z0) =Moy= lim h(z,..)= lim gs(x), and
20

r— rT—z0— T—2z0—

lim g.(z) =g1(20) = ¢'(20) = M1 = lim O1h(z,...)= lim g.(2).

r—2z0+ T—>20— T—20—
Similarly,
T gan(a) = h(zs,-) = hlm, ) = (1)
= @/}5(7(23) —(2+04++ é)) = ;EEHZIS_QS’B(@.)’
and
lim gl o(z) = 01h(z3,...) = - ¢s(—1)~
ot I X140, 10,91)
= Jy(~1) () = lim gl 4(e),

where the last equality comes from the chain rule. Finally,
lim  gss(2) = bs(T(2a) = (2404 +0)) = dho(—6 — 64 — 0)

= lim gs4(x),

T—rz4—

x

and
lim g 5(x) = ¢s(=8 — 04 — )7 (24)
_ 72;5(_

T— 24+
§—0,—0) .
- = lim ¢, ().
2(2 _ 5’91) z—>Z4—g 74( )

(The claim is proved.)

It follows from 0 < h (see part (iii) of Proposition 4.2) and from v, > 0 on
[-1,0) that gs(z) > 0 for © < 2p. Since g; satisfies (NF), it follows that g5 also
satisfies (NF).

Proof of the remaining assertions of a): gs(z) = gs1(x) = g1(x) for x > 2o,
and g 4(v) > 0 for x < zy, gi3(z) = Vs(-.)7' (z) > 0 for & € (2z4,23). Setting
Zmax = (20 + 23)/2, it follows from part (iii) of Proposition 4.2 that g, > 0 on
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(23, Zmax); g2 < 000 (Zmax, 20]. Since g7 < 0, we have g; < 0 on [z, 00). Together,
we obtain the asserted properties of g/.
Proof of b): From Proposition 4.2,(iii), we have gs(zmax) = h(Zmax,-..) < B =

K+1
T—i_. For x € [22,21] = [23 + 1,20 — r] = [m + r, M — r], property (v) from

Proposition 4.2 shows g,(z) = h(z,...) > K/20.

Proof of ¢): ¢ < 0 implies that {s € [a,b] : ((s) € [m,m+7]} = [r2, 14 04 + 6]
and {s € [a,b] : ((s) € [M —r,M]} = [1+ 64+,71]. The first two estimates
of assertion ¢) now follow from part (vi) of Proposition 4.2, the definition of 7
and 712, and the choice of 7. The equality in assertion c) follows from part (iv) of
Proposition 4.2.

Proof of d): For ¢t € [1 4 64 + 0,2 — 4], one has z(t, g1) € [24, 23], and

9s(2(t,91)) = 95,3(2(t, 91)) = ¥s(t = (2 + 04 +0)).

Proof of e): Recall the definition of s, and Proposition 3.3. For = < z3, we have
95(x) < go(23) = ho(=1) = sy (=1) + (1 — 5)¢p_(~1)
< max{[yy|c2, [¢-|c2} < Moa.
|

Together with the estimate on the solutions z(-, g1) from Corollary 4.4, the re-
mark below is a preparation for estimating the error in the approximation of the
targets 1s.

Remark 4.6. For s € [0,1] and © € [z4, 24 + 20|g|co], one has
0 < gs(z) < 5Mgcg\/g.
Proof. Set zj = 24 + 20|g|co. Let t € [3/2,2 — §]. Since §_ < §, we have

z(-,g1) = X(-) on (—oo,t — 1]. Using Proposition 3.4,c), and Proposition 3.1,c), we
see that

X(t—1) e [X(1-9),X(1/2)] [0, X(01)] = [0,4(0) + &1],
and g = g1 on this interval. Hence
l91(2(t = 1,91))| = [¢'(X(t = 1))| = |¢'(0)],
since y(0) + 01 < A and ¢’ is decreasing on [0, A]. Using Proposition 3.4,c), the fact

that g is decreasing on [0, 00), and the last inequality from Proposition 3.4,a), we
get

|91 (2(t = 2,91))| = [9(X(t = 2))| = [9(X(=1/2))| = [9(p(=1/2))]
> l9(y(=1/2)/2)|.

Recall the definitions of v2 and ¢, which were given before (3.7). From eq. (g1),
we now obtain

(4.24) £t g1) = |9 (0)llg(y(=1/2)/2)] = 72 for t € [3/2,2 - 4].
Taylor expansion of z(-,g1) at 2 — § gives, for r € [0,1/2 — 4],

22—=0—1,01) =2(2—6,91) + 22— 0, g1)(~7) + 22— — 7) - 1% /2,
for some o € [0,r]. Since 2(2 — §,91) < 0, we see from (4.24) that

22—=0—r,q1) > 2(2—96,91) + %7‘2 =24+ %T‘Q.
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From the choice of ¢ (see (3.7),(iv)), we have that
ryoi= 2cg\/g €[0,1/2— 4],
and hence we have

(4.25) 22—=0—ry,01) > 24 + %4c§5=z4+2|g|005.

Recall the inverse function 7 of z(+, 1) |[ . Let now x € [z4, 244209 co]-

14+6.,2— 0]
Then Corollary 4.4 and the choice of § (see (4.20)) show that
S [Z4a 20 — y(o)/S] C [Z4a 20 — y(o)/16] C [Z47 Z3]'

Moreover, we see from (4.25) that 7(x) > 2 —§ —ry. It follows from property (NF)
of g5 and Lemma 4.5,d), that, for s € [0, 1], we have

0 < gs(z) = gs(2(7(2), 91)) = ¥s(7(x) — (2+ 04 +0))
< 1hs(0) + [thsco - (24 04 + 0 — 7(x)).

From Proposition 3.3,(i), we have 1),(0) = 0. With Proposition 3.3,(ii), Proposition
3.4,e), estimate (4.19) and the choice of § (see (3.7),(iv)), one obtains

gs(x) S My(2 40,40 —(2—0—714)) = Moy(Op +0+6+74)
< My(36 + 2¢,V8) < 5Mac, V6.
O

We now show that the nonlinearities g5 already lead to solutions that closely ap-
proximate the targets 1. This would be sufficient in order to obtain a homoclinic
solution from a shooting argument, but we still have to arrange the transversality.

Lemma 4.7. Set t* :=3+0, +0. Forse [0,1], we have the following properties.
a) z(t,gs) = 2(t, 1) fort € (00,24 04];
b) 2(t,gs) > 0 fort € (tmin, 3 + 04+ +0);
k
c) With xs := z(-, gs)t» € C, we have xs € H and |xs — 5] < %L.
Proof. Let s € [0,1]. Proof of a): From Proposition 4.3,e), we have zy =

2(14+64,91) < —y(0) — 1, and we know from Lemma 4.5,a) that gs = g1 on
[20, 00).

Claim: z2(t,g1) > zo for t € (—o0, 1+ 64].
Proof. For t € (—o0,1 — 6_], we have from Proposition 3.4,d) that
z(t,g1) = X(t) > —y(0) — 1/2 > zo.

Fort € [1 —0_,1464] C [0,typ + 1], Proposition 4.3,d) shows that z(t,g1) >
z2(1404,91) = z0. (The claim is proved.)

It follows from the above claim, from eq. (gs) and from g5 = g1 on [2g,00) that
z(-,9s) = 2(-, g1) on (—00,2 + 0. ].

Proof of b): Using assertion a), Proposition 4.3,d), the property z(-,¢1) < 0 on
[1+4 64,14 64 + 6], and property (NF) of g, we conclude

(4.26) 2(t,gs) > 0 on (tmin, 2 + 04 + 6]
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It follows from the equality in Lemma 4.5,c), from eq. (gs) and from assertion a)
that

1464 +6
(4.27) 2240, 4+0,9,) =22+ 604,91) + / gs(z(t,g1))dt = 0.
1+9+
Combining assertion a), Proposition 4.3,d), (4.26) and (4.27),we get that (-, gs) <0
on (tg,2 + 04 + 0). Assertion b) now follows from (NF).
Proof of ¢): From (4.27), we have xs(—1) = 0, which means that x, € H. For

te[2460, 46,30 =[t"—1,t* — (§ + 64 + )], we have from assertion a) and
Lemma 4.5,d) that

(4.28) 4t gs) = gs(2(t — 1,91)) = ths(t — (3+ 04 +6)).
It follows from (4.27) and (4.28) that
(4.29) 2(t* +t,gs) = s(t) for t € [-1, -6 — 6, — 0.

In order to prove c), it therefore suffices to prove
k ~
(4.30) 2(t, gs) — st — t%)| < %L for t € [3— 6,3 + 04 + 0.

Proof of (4.30): For t € [3 — 4,3 + 6, + 6], we have, using (4.29), that
(4.31)
|2(t, 95) = s (t =) < [2(t,95) — 2(3 = 0, 95)| + [2(3 = 0, 95) — s(t —17)]
= |2(t,9s) = 2(3 = 8,95)| + [1hs(=8 — 04 — 0) — s (t —17)].
Fort € [2—, 2+0++§],~one has z(t, gs) € [2(tmin, 91), 0] and therefore £(t, g5) > 0
for t € [3 6,3+ 04 + 0]. Since also ¢ > 0, we can estimate the last two terms
in (431) by [2(3 + 05+ 0,0,) — 2(3 — 6,g2)| and by [6,(0) — (6 — 04 — B)],

respectively. In order to prove (4.30), it therefore suffices to prove the following
two estimates:

(4.32) 123+ 04 +0,90) — 2(3— 0, 9.)] < %
~ k4L
(4.33) [5(0) = ¢hs(=6 — 04 = )] < =~

Proof of (4.32): Fort € [3 —6,3+ 0], we have t — 1 € [2 — 6,2 + 04] and
2(t —1,95) = z(t — 1, g1). Combining the first inequality from Corollary 4.4 with
Remark 4.6, one obtains

0< Z.(tags) = gS(Z(t - 1791)) S 5M209\/g'

With the choice of § (see (3.7)(v)), the estimate on ¢; from Proposition 3.4,a), and
the definition of ¢ = k1d1 (see the end of Section 3), we obtain

2(3+ 04, 95) — 2(3 — 8, 95)| < 5MacgVo(04 + 0)

(4.34) < 10Maey6*/?  (use 04 < 6)
< kakski6 < kak101 _ kat

- 64 — 8 8
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Recall the numbers 71 and 75 from Lemma 4.5. For ¢ € [2+ 6., 7 + 1], one has
t—1<m7 <240, and in view of assertion a) and the definition of z; and zy one
obtains

Z(t - 1798) = Z(t - 1791) € [21720] - (_0070)'
Hence, gs(z(t — 1,95)) > 0, and Lemma 4.5,c) shows that

t—1

2t gs) = 2(2+ 01, 95) + / 95(2(7, 1)) dr
1+‘9+

T1

Z(2+9+7gs)+ / gs(z(Tvgl))dT
146,

< z(2+64,9s) +y(0)/16

=2(2+0+,91) +y(0)/16.

IN

Combining this estimate with Corollary 4.4 and the choice of 6 (see (4.20)), we see
that

2(t,gs) < 20 — y(0)/16 < 2(1+ 04 + 0, g1) = zs.
Now Lemma 4.5,e) shows

(4.35) 9s(2(t,gs)) < Ms for t € 24 04,71 + 1].

Fort e [r+1,2404 +0] C[2+604,24 60, +0] C (tmin, 3+ 01 + 0), we have from
assertion b) and from (4.27) that

O = Z(2+9+ +éags) 2 Z(tags) 2 Z(TQ + 1)95)7
with Lemma 4.5,¢), one gets

140, +6
(a4 1igs) = — / ga(=(t g1))ds > —(0)/16 > —(0).

T2
Hence, we have

(4.36) |95 (2(t; g5))| = 19(2(t, 95))| < lglco

fort € [ro+1,24+604+0]. For x € (—00,0]\ [23, 20], Lemma 4.5,a) and Lemma 4.5,¢)
together with the definition of g; show that |gs(x)| < max{|g|co, M2}. Further,

9++§
-2 < / (X (£))dt < |g|cof.
04

For t € [y + 1,72 + 1], we have 2(t,9s) € gs([22, #1]), so the second estimate of
K
Lemma 4.5,b) shows that 2(t,gs) > % Using also the first inequality of Lemma
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4.5,b), we obtain the following estimate.

(4.37)
To+1
‘ / gs(Z(t,gs))dt‘ < ‘ / | +‘ /
1+l {tE[Tl—Fl,TQ—Fl]: {tG[Tl—l—l,TQ—Fl]Z
Z(tvgs) € [Z37Z0]} Z(tvgs) ¢ [Z35Z0]}
< / (o0, ) S0t 4 (= ) g, M)

{temn+1,n+1]:
z(t, gs) € (23, 20]}
S 2Eogs(zmax) / Z(t,gs)dt—Fé max{...}

{ten+1,+1]:
Z(tvgs) € [Z35Z0]}

(reCalll+9+<T1<7'2<1+9++é)

20 K + 1 -
< ET(ZO —z3) + 0 -max{...}
2(K+1 -
< B 5100+ mae{lglco, M)

Putting together the estimates (4.35), (4.36) and (4.37), we get

|Z(3 + 64 + 677 gs) - Z(?’ + 9+7gs)|

T1+1 T2+1 2404+
<| [ atetani+l [ olsl [
2+9+ T1+1 T2+1
N oK +1 .
< 00ty + 02D 01 o 4 maxflglon, Mo} + Blglon.

K

Using (4.21), Proposition 3.4,a), and the definition of ¢, we can estimate the last
term by
k4k1/€35 < k4k151 _ @
64 ~ 8 8
Together with (4.34), we obtain (4.32).
~Proof of (4.33): Using Taylor expansion of v, at 0, and the properties 0, <
0,0 < 6, one gets

(04 40 + )2 _ 9My

5.
2 -2

[5(0) = 95 (=04 — 6 = 8)] < |5(0) | + Mo
=0

With (3.7)(vi) and, as before, the relation between ¢ and d; from Proposition 3.4,a),
we can estimate the last term by
o k4L

kakikso < kak161
32 - 4 4
Estimate (4.33) is proved. Estimate (4.30) now follows from (4.32) and (4.33). O
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Comments on the proof of Lemma 4.7.

1) Recall that, from Proposition 3.4, the number ¢ is essentially a measure for the
distance between the segments ¢ and yo. Recall also that §; and ¢ are essentially
proportional to 6. The error estimate (4.30) with ¢ on the right hand side is the
key point of the above proof. It was obtained by estimating the left hand sides of
(4.32) and (4.33) in terms of powers of § which are larger than one-see (4.34) and
the proof of (4.33). In comparison with the paper [L-WW2], this technical detail is
new. It allows us to solve the problems which had been discussed in the comment
following Proposition 3.4 of [L-WW?2] by use of relatively simple nonlinearities. In
the latter paper, a solution was found at the expense of a more complicated shape
of the nonlinearities and the homoclinic solution.

2) Note that the values of g5 in the vicinity of zy,.x have a ‘large’ effect on the
solution z(-,gs) when these solutions ‘feel’ the maximum of gs for the first time
(namely, an increase from 2z(2 4+ 64, 91) to 0). The same values of g; have only a
‘small’ effect when the solution crosses zpyax for the second time, as is expressed in
the estimate (4.37). The main point of that estimate is that when z(-, gs) passes
the interval [z3, 20] (where g5 has large values) for the second time, it passes at high
‘speed’ (2(t,gs) > K/2é) To establish this property was the purpose of the two
estimates from Lemma 4.5,c), and of the corresponding estimates in Proposition
4.2,(vi). A similar technique was used in [L-WW2].

5. PROVIDING TRANSVERSALITY

We see from Lemma 4.7 that the solutions z(+, g5) reach the targets 15 (s € [0, 1]),
up to an error of at most k4¢/2. We could already use these nonlinearities to obtain
a homoclinic solution, but we need to add a perturbation that makes sure that
the homoclinic solution will be transversal. The perturbation must be such that
it essentially keeps the accuracy by which the targets v, are approximated. The
method to achieve this is as in [L-WW2]; we add a perturbation to the gs which
has small C°— norm, but ‘large’ C' —norm, so that it has significant influence on
the solutions of the variational equations (gs, z(+, gs)), but little influence on the
solutions z(-, gs)-

Recall condition (T) from Theorem 2.9. We will actually prove a stronger prop-
erty, namely, that segments of solutions a-2 +b-w ((a,b) € R?\ {(0,0)}) are
all contained in the set S at a fized time which is independent of a and b. (In fact,
at time t* 4+ 1.) Proving this stronger property requires a perturbation that acts,
so to speak, violently on the solutions of the variational equations (gs, z(-, gs)). At
present, however, we have no other method available.

Set Zmin = Z(tmin,g1). We want to apply Propositions 2.3 and Propositions
2.4 from [L-WW2] (in the corresponding version for a minimum) to z(-,g1) and
w(-, g1) at tmin. We cite these results as ‘Proposition 2.3%” and ‘Proposition 2.4*’
in the sequel. First, z(-, g1) is C2, since it is a solution of eq. (g1) on all of R. For
s € [0, 1], we have

Z(tmin, gs) = Z(tmin, 91) = 0,
é(tminags) = é(tminagl) = gI(O)Z(t()agl) > 0.
In the notation of Proposition 2.3*, we set a := 2 -6, b:= 2, z := z(-,gl)Ha b

Application of Proposition 2.3* a) yields numbers s1,s2 € [2 —§,2] and d > 0 such
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that for every p € (0, d] there exist unique numbers o1 (p), o2(p) with the properties

51 < 01(p) < tmin < 02(p) < S2;

2(t) < Zmin + p for t € [o1(p), 02(p)];
2(t) > zZmin + p for t € [s1,01(p)) U (2(p), s2].

It is clear that these properties hold also for every d (0,d]. We can therefore
choose d such that, in addition,

Zmin T d < 24.

We prepare an application of Proposition 2.3*b). In the notation of that proposi-
tion, we set

1
—min{gs(zmin — 1) : s €10,1]} > 0;

V=g
= kqt/2;
Wo :=sup{|w(t,gs)| : t € [t*—1,¢"], s €[0,1]};
Co = —max{g'(z) : @ € [-y(0) — d1,y(0) + 0]} -7 > 0.
Further, we choose a number W7 > Wy such that
lglciWo < W1 /2 and Gg'i% <Wh/2,

and we set
W .= -3W; <0.

We know from Proposition 4.3,f) that w(¢min, g1) < 0. We apply Proposition 2.3*b)
with W, v, A and d, s1,s2 from above, and with w(-,g1). We obtain a number
p € (0,d] with

Y(o2(p) —o1(p)) <6
and a function h € BC'(R,R) with the following properties.

(5.1)
(i) h(z) =0 for & > zmin + p;
(i) h(x) = h(zmin) for < zmin;

(iii) |h(x)] <~ for x € R;

(iv) sign h(z) = —sign(w(tmin), g1) - sign(—3W1) = —1 for z € (—00, Zmin + p);
(v) sign W'(2(t, g1))w(t, g1) = sign(=3W1) = =1 for ¢ € (01(p), 02(p)) \ {tmin},

so h'(z(t,g1)) > 0 and w(t, g1) < 0 for these t;

o2(p)

(vi) / R (z(t, g1))w(t, g1)dt = —3Wh.
a1(p)

Note that the minus sign in property (iv) is part of the analogous reformulation

of Proposition 2.3%b) for the case of a minimum, since, in this case, sign h(z) =

—sign /() for € (Zmin, Zmin + ).

Next, we apply the analogue of Proposition 2.4* for the case of a minimum to
the functions g, and to z(-, gs), for all s € [0,1]. Let s € [0,1]. In the notation of

Proposition 2.4%, we set tg := 0,2 := z(-,gs)“_l S w(-,gs), and we take

~v, W and A as above. The assumptions of Proposition 2.4* are satisfied.
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Note that z2(-,9s) = 2(-,91), w(,gs) = w(,g1) on [2 — 4,2], and that the
function A from above does not depend on s. Note also that g5 and gs + h are both
modifications of g3 on (—o0, z2(1 4 04,91)] C (—o0, —y(0) — 1], and that z(t,g1) >
2(1+64,g1) fort € (—oo, 1+ 0] (see Proposition 3.4,d), and Proposition 4.3,d)).
It follows that
Z('ags) = Z('ags + h) = Z('agl) on (_0072 + 9+]a and
w('ugs) = w(-,gs + h) = w('ugl) on [_17 2+ 9+]

From Proposition 2.4*, together with 5.2, we obtain the following properties for the
nonlinearities g5 + h and the solutions z(-, gs + h), respectively w(-, gs + h).
(5.3)

(i)

(5.2)

2(t,gs + h) = z(t, gs) for t € (—o0,01(p) + 1), and
w(t, gs + h) = w(t, gs) for t € [=1,01(p) + 1J;
(i) [2(2, 95 +h) = 2(t, g5)| < Afor t € [o1(p) + 1, 02(p) + 1];
(iii) w(oa(p) +1,9s +h) = w(oa(p) + 1, 9s) — 3Wi;
(iv) 2(t,gs +h) = 2(t, gs) and w(t, gs + h) = w(t, gs) for t € [oa(p) + 1,01(p) + 2].
It follows from (5.3),(ii) and (5.3),(iv) that we have
(5.4) |2(t, gs + h) — z(t,g5)| < A for t € [o1(p) + 1,01(p) + 2].

The functions g5+ h do not satisfy (NF), and their derivatives may have more than
one zero. We modify these functions to new nonlinearities fs such that the above
properties are preserved, and that fs satisfies (NF) and f/ has only one zero. Note
that (5.1),(iii) and the choice of  imply (gs + h)(Zmin — 1) > 0 for s € [0,1].

(gs + h)/(zmin - 1)
(gs + h)(zmin - 1)

For s € [0,1], set A\g := , and define fs by

(gs + h)(z) for & > zmin — 1,

fs(x) = o (@=(zmin—1))
(G M) min = 1) T G =)

Proposition 5.1. For s € [0,1], the function fs is in BCY(R,R), satisfies (NF),
and fl >0 on (—00, Zmax), fi <0 on (Zmax, ).
The map [0,1] > s — f, € (BC°(R,R), | |co) is continuous. Further,

z(t, fs) = z(t,gs + h) for t € (—oo,t* + 1],
w(t, fs) = w(t,gs + h) fort e [-1,t* +1].
Proof. Let s € [0, 1]. First, lim . fs(x) = (9s + h)(2min — 1) and

m - fi@) = Asfo(min = 1) = (95 + 1) (2min = 1)

. ’
- m—l;lrgi—l—i- fs(z)
The property fs € BC'(R,R) now follows from g5 + h € BC'(R,R) and the
definition of fs. Note that fi(z) > 0 for < zpin — 1. From 5.1(i),(ii) and (v),
we have h/ > 0. Since g, > 0 on (—090, Zmax), we have fI > 0 on (—00, Zmax)-
We have fs(z) = gs(x) for * > zmin + d since h(x) = 0 for these x. Hence,
fi= gL <0 on (zmax,00). In order to prove (NF) for fs, it suffices to show that
fs > 0 on (=00, zmin + d]. It is obvious that fs(z) > 0 for z € (—00, Zmin — 1]. For

5 for ¢ < zmin — 1.

(5.5)
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2 € (Zmin — 1, Zmin + d], we have g5(x) > gs(2min — 1), and, recalling the definition
of ~,
fs(z) = (gs + h)(x) > gs(2min — 1) + h(z)
>2y—y=7v>0.
It follows from Lemma 4.5 that the map [0,1] > s — g5 + h € (BC°(R,R),| |co)

is continuous. The definition of the functions g5 on (—o0, z4], together with the
property zmin + d < z4 and with continuity of the map

[0,1] 3 s — 9, € (C*([=1,0],R), ]| |c2)
implies that the maps [0,1] © s — As € R and
[0,1] 95'—>f5‘( ] EBOO((—OO,ijn—l],R),| |CO)

(5.6)

—O0, Zmin — 1
are continuous. With the definition of fs, the continuity assertion of Proposition
5.1 follows.

Proof of (5.5): Using 5.3,(i) and o1(p) > 2 — 6, we see that 2(¢,gs + h) = 2(t, gs)
for t € (—00,3 — 6]. With Lemma 4.7,b) and Proposition 4.3,d), and with the last
property from Proposition 3.4,d), we obtain

z(t,gs + h) = z(t, gs) > Zmin for t € (—00,3 — 4], and
2(t,gs +h) = 2(t,gs) <O0fort € [2—08,2+ 04 +0).

It follows from (5.6) that (gs + h)(z) > 0 for & € (2min, 0) (although g+ h does not
satisfy (NF) for all ). Hence we get that 2(t, g, +h) > 0 for t € [3—8,3+60, + 6],
so that together we obtain z(t,gs + h) > zmin for t € (—o0,t*]. Property (5.5) is
now a consequence of fs = gs + h on [zmin, 00). O

In the next lemma, we prove that the segments z(-, f)+ still approximate the
targets ¥ (s € [0,1]), and that, in addition, a transversality property holds uni-
formly with respect to s € [0,1]. This uniformity is necessary for our method of
proof: We will find an s* € (0,1) with the property that the orbit of z(-, fs«) is
homoclinic to O by an intermediate value argument — therefore we have no infor-
mation about where in [0, 1] this s* lies.

Recall the set S of segments with at most one sign change.

Lemma 5.2. Let s € [0,1]. The functions z(-, fs) and w(-, fs) have the following
properties:

a) z('?fs)t* S H? |Z('afs)t* - 1/)S| < kat.
b) If the condition

(5.7) |2(t, fs)| < y(0) 4+ 01 for all t € t* —1,t* + 1]
holds, then we have
V(a,b) € R*\ {(0,0)} : [az(:, fs) +b-w(-, fo)l=i1 € S.

Proof. Let s € [0,1].
Proof of a): Recall property (5.5). Together with (5.3),(i), we obtain

(5.8) 2(t, fs) = z(t, gs) for t € (—oo,01(p) + 1].

In particular, Lemma 4.7, ¢) shows that z(t* — 1, f5) = 0, so z(-, fs)¢~ € H.
Combining (5.5) and (5.4), and observing o1(p) +2 < 2+ 2 < t* + 1, we get

(5.9) |2(t, fs) — 2(t,g5)| < Afor t € [o1(p) + 1,01(p) + 2].
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Since o1(p) +2 >2—30+2 > 3+ 6, + 6 = t*, we conclude from Lemma 4.7,c),
from (5.8) and (5.9), and from the choice of A that

|Z('7fs)t* - ws| < |Z(7 fs)t* - Z('ugs)t*| + |Z('7gs)t* - Q/JS|
<A A kgt/2 = kye.

Proof of b): Assume condition (5.7). It follows from (5.3),(iii), from o2(p) + 1 €
(3—14,3) C [t* —1,t*], from the definition of Wy and the choice of W7 that we have
’LU(O'Q(p) + l,gs + h) S W() — 3W1 S —2W1. We set

t(s) :==min{t € [o1(p) + 1,02(p) + 1] : w(t,gs +h) <0}
then t(s) < a2(p) + 1. Note also that
(5.10) 3—0<oi(p)+1<1t(s) <o2p)+1<3.

(5.11) Claim: w(-, f5) has the following properties:

(i) w(t, fs) <0 for t € [o1(p) + 1,02(p) +1];

(ii) |w(t, fs)|] < Wy for t € [t* — 1,(s)];

Elllg [i(t, fs)| < |glerWo for t € [t*,8(s) + 1];
|w(t, fs)| < 4W; for t € [o1(p) + 1,t"], and

w(t, fs) < —2W; for t € [o2(p) + 1,t%];

(v) |w(t, fs)| < 4|glcrWh for ¢ € [Et(s) + 1,¢* + 1].

(vi) w(t, fs) < =W for t € [t*,t* + 1];

(vil) w(t, fs) > 0 for t € (t(s) + 1,t* +1].

Proof. In view of (5.5), it suffices to prove the corresponding assertions for the
function w(-, gs + h).

Ad (i): Fort € [o1(p) +1,02(p) + 1], we have z(t — 1, 91) < zZmin +d < 24 < 23 <
Zmax- Hence we obtain from (5.2), from (5.1),(v), and from ¢, > 0 on (—00, Zmax)
that

W(t,gs +h) = (gs +h) (2(t — 1,95 + h))w(t — 1,95+ h)
= (g9s +h)'(2(t = 1, g1))w(t —1,91) < 0.

Ad (ii): For t € [t* — 1,01(p) + 1], we have from the definition of Wy and from
(5.3),(i) that

lw(t, gs + k)| = lw(t, gs)| < Wo.
Let t € [o1(p) + 1,1(s)]. If t(s) = o1(p) + 1 then
lw(t, gs + h)| = [w(or(p) + 1, 95)| < Wo,
and otherwise one has
w(t,gs +h) € [0,w(o1(p) + 1, 9s)] C [0, Wo).
Ad (iii): We have g; + h = g on [—y(0) — 61,y(0) 4+ §1]. From condition (5.7)

and the estimate (5.11),(ii), we obtain that for ¢t € [t*,#(s) + 1]

[ (t, gs + h)| = 1g'(2(t = 1, fo))w(t — 1, g5 + h)| < |gler Wo.
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Ad (iv): For t € [01(p)+1,02(p)+1], properties (5.3),(i), (5.11),(i) and (5.3),(iii)
show that
w(t,gs + h) € [w(oa(p) +1,9s + h),w(o1(p) + 1,95 + h)]
= [w(o2(p) + 1, 95) = 3W1,w(o1(p) + 1, 95)]-
Using the definition of Wy and W7, one sees that
(5.12) w(t, gs + h) € [-Wo — 3Wy, Wo] C [—4W7, 4W7).

For ¢t € [o2(p) + 1,t*] we obtain from (5.3),(iv) and from o1(p) +2 > 4 —0 > t*
that

w(t,gs + h) = w(t,gs) — 3W1 S [—Wo — 3W1, W() — 3W1]
C [—4W1, —2W1].

Combining (5.12) and (5.13) yields property (iv).

Ad (v): From (5.10), we have [t(s) + 1,t* + 1] C [o1(p) + 2,t* + 1]. Using
condition (5.7) together with (5.5) and the first estimate in (5.11),(iv), one gets
that for t € [t(s) + 1,t* + 1],

[i(t, gs + h)| = 1g'(2(t = 1, fo))w(t — 1, gs + h)| < |glcr4Wh.
Ad (vi): For t € [t*,¢* + 1], we obtain from properties (iv), (iii) and (v) that
w(t,gs +h) < =2W1 + (1(s) + 1 = t7)|glcn Wo + (¢ + 1 — ((s) + 1))4|glcr W1
Using (5.10), we see that
w(t, gs +h) < —2W1 + |glcr Wo + (01 + 6 + 6)4|g|ca W
With the choice of 64,6, 6 (see (3.7),(iil)) and of W1, it follows that

(5.13)

1
w(t,gs + h) < =2W;7 + §W1 + 125|g|(;1W1

1 1
< =2W; + §W1 + §W1 =-—-Wh.

Ad (vii): Combining (5.10), the definition of #(s), and (i) with the second property
from (iv), we get that w(t,gs + h) < 0 for t € (#(s),t*]. For these ¢, condition
(5.7) together with (5.5) shows that (gs + h)'(2(t,gs + h)) = ¢'(2(t, fs)) < 0. The
assertion now follows from the variational equation (gs + h, z(-, gs + h)).

(Claim (5.11) is proved.)

(5.14) Claim:

(i) z(-, fs) is C? on [t*,t* + 1];

(i) 2(t*, fs) =0, 2(t, fs) € [~|glc1,0) for t € (t*,¢* + 1];
(ifi) 2(t, f,) <0 for ¢ € [t*,t* + 1];

(iv) 2(t, fs) < —(o for t € [t*,#(s) + 1].

Proof. Property (i) is a consequence of eq. (fs) and of t* > 1.
Ad (ii): From assertion a) of the lemma, we know z(t* —1, f5) = 0, so 2(¢*, fs) =
0. One sees from (5.5), (5.3),(i), Lemma 4.7,a) and Proposition 4.3,d) that

z(t, fs) = 2(t,g9s + h) = z(t,gs) <0 for t € (to,t" — 1),
and this interval contains [t* — 2,t* — 1). Now (NF) implies that
(5.15) 2(,fs)>0on [t*—1,t"), and z(-, fs) >0on (" —1,¢%].
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Using (NF) again, we infer 2(-, fs) < 0 on (¢*,t* + 1]. Condition (5.7) and the
property f, = g on [y(0) — 31,y(0) + 6] imply that 2(t, f,) > —|glcs on this
interval.

Ad (iii): For t € [t*,¢* + 1], (5.15) and (5.7) imply

<0 >0
Ad (iv): Let ¢ € [t*,#(s) + 1] C [t*,4] C [t*,t* + 1]. From (5.7), we have
g'(z(t =1, fs)) < max{g'(z) : 2 € [-y(0) = 01,y(0) + &1]} < 0.
Further, t—2 € [t*—2,#(s)—1] C [t*—2,2] = [1+64 +6,2]. From (5.5), (5.3),(i), and

Lemma 4.7,a), we have z(t =2, fs) = 2(t —2,91) € [2min, #3]. Using the definition
of fs, the monotonicity properties of fs from Proposition 5.1, and (5.6), one gets
Z(t - 17fs) = fs(z(t - 27fs)) 2 fs(zmiﬂ) 2 v > 0.

Now (5.16) shows that

£(t, f) < max{g/(2) + = € [-y(0) = 01, y(0) + &i]} -7 = —Go.

(Claim (5.14) is proved.)

We are now ready for the proof of assertion b) of Lemma 5.2. Let (a,b) €
R%\ {(0,0)}, and note that the set S C C' is invariant under multiplication with
nonzero reals.

In case b =0, we have a # 0, and assertion b) is equivalent to [2(-, fs)]t41 € S,
which follows from (5.14)(ii).

In case b # 0, we set ¢ := a/b, and the assertion is equivalent to

(5.17) (€20, f5) + w(-, f)le-41 € S.

— W,
First case: ¢ > M

. Then we have from (5.11),(vi), from (5.14),(ii), and
0
from the choice of Wy that for ¢ € [t*,¢* + 1],

¢ (t ) +wt, f.) < 'g'CC—WO
0

from which (5.17) follows.
—lglcrWo

lglcr — W1 < =W1/2 <0,

Second case: ¢ < . Then, for t € [t*,#(s) + 1], properties (5.11),(iii)

0
and (5.14),(iv) show that

CE(t ) + it fo) > W(—@) ~ lgleaWo = 0.

Further, for ¢t € (£(s) + 1,t* + 1], properties (5.11),(vii) and (5.14),(iii) show
CZ(t, fS) + w(tv fS) Z w(tv fS) > O

Together, we obtain that the segment [cZ(+, f5) + w(-, fs)]¢=+1 18 strictly increasing,
and therefore (5.17) holds. Lemma 5.2 is proved. O

Remark 5.3. The proof of Lemma 5.2 is similar to the proof of Lemma 3.8 from
[L-WW?2]. See the comment preceding that proof for an explanation of the basic
principle.
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6. TRANSVERSALLY HOMOCLINIC SOLUTIONS

We are now ready to conclude our construction of a nonlinearity with only one
extremum that generates a semiflow with transversally homoclinic orbits. The
missing step is an intermediate value argument.

Theorem 6.1. a) There exists s* € [0,1] such that the solution z(-, fs+) has a
phase curve homoclinic to the orbit O of the periodic solution y of eq. (fs+)-
b) The nonlinearity fs satisfies (NF), and

fio >0 0on (=00, Zmax);  fixe <0 01 (Zmax, 00).

¢) The assumptions of Theorem 2.9 are satisfied by eq. (fs~), the periodic so-
lution y, by ¢ = z(-, fs+)o and by w(-, fsx). From Theorems 2.9 and 2.7, we
therefore obtain a Poincaré map with the property that the maximal invari-
ant set of P is hyperbolic. The action of P on the trajectories in this set is
conjugate to a symbol shift. The solutions of eq. (fs+) corresponding to these
trajectories are slowly oscillating.

Proof. Set Qs := [2(-, fs)]¢= for s € [0,1]. Recall that o = ¢¥_, ¥1 = ¢4. From
Lemma 5.2, a), and Proposition 3.3,(iii), we have Q, € N, C H, and H(Qy) >
0 > H(Qp). Continuous dependence on initial data, together with continuity of
the map [0,1] 3 s — fs € (BC°(R,R),| |co) and continuity of H implies that the
map [0,1] 3 s — H(£) € C is continuous. It follows from the Intermediate Value
Theorem that there exists s* € [0, 1] with H(2s+) = 0. Now property (3.1), applied
to ¢ € (0,6], shows that Qg € W*(yo, P, N,). Remark 4.1 now yields that z(-, fs+)
is a solution of eq. (fs+) with phase curve homoclinic to the orbit of y. Assertion
a) is proved, and assertion b) is clear from Proposition 5.1.

Proof of assertion c¢): Set Q* := Qg € W?*(yo, P,N,). Recall that ¢ = k16,
and, from Proposition 3.4,a), that §; < §. We see from Proposition 3.1,b) that the
solution 22" of the unmodified eq. (g) with = = Q* satisfies Vt > 0 : ¥ €
O+ C(61), so that we have

2 (t) € (—y(0) — 61,y(0) + ;) for all t € [-1, 00).

Since f¥ = g on (—y(0) — d1,y(0) + 61), we obtain
2t +t, for) = 2% (t) € (—y(0) — 81,5(0) + 6y) for all t € [—1, 00).
In particular, condition (5.7) of Lemma 5.2 is satisfied. Moreover,
for(2(t, fox)) = g/ (2(t, fs)) < O for t > " —1,

so that the variational equation (fs,z(-, fs+)) has a negative coefficient for ¢ >
t* — 1. It follows from this property, together with Lemma 5.2,b) and Proposition
4.6 of [L-WWT1] that the function a - (-, fex) + b - w(-, fs+) is eventually slowly

oscillating for all (a,b) € R?\ {(0,0)}. Hence condition (T) of Theorem 2.9 holds,
and the conclusions follow. |

7. REPORT ON NUMERICAL EXPERIMENTS

The relatively simple shape of the nonlinearity obtained in the last section makes
it tempting to try computer experiments with similar equations. We started with
g = —asinh (a > 0). For a < 7/2 and sufficiently close to 7/2, this equation has
an unstable slowly oscillating periodic solution y* of Kaplan—Yorke (KY) type; see,
e.g., [ILW]. (Note that —sinh ¢ BC*(R, R), but the values of the feedback function



ERRATIC SOLUTIONS OF SIMPLE DELAY EQUATIONS 941

far away from the range of the periodic solution are irrelevant.) These solutions
form a branch that bifurcates backwards from the zero solution at o = /2.

Initial segments y§ of periodic solutions can be calculated from an associated
system of ordinary differential equations in the plane, compare, e.g., [DL-W]. We
used the parameter value a ~ 1.38, where the amplitude of the KY-solution is
approximately 1.

We approximated segments in the unstable manifold of y® simply by starting
with a slight perturbation of y§ and computing the forward solution. As long as
this solution remains close to the orbit of y®, one expects that its segments will
approach the unstable manifold exponentially, since y* is hyperbolic.

Then we tried to modify the function —« sinh along the lines of the construction
from the previous sections, with the aim to obtain (approximately) homoclinic
behavior for solutions starting (approximately) in the unstable manifold of y®. It
turned out that one does not need the type of modification which was denoted g;
in this paper, because —«asinh(z) is already decreasing steeply enough for positive
values of z.

We therefore only changed —asinh for negative values of x such that the new
function has one single maximum at some negative x. In fact, we found approx-
imately homoclinic behavior for the following nonlinearity, which is € and has
precisely one maximum (as can be seen from elementary curve discussion).

g(x) := —asinh(z) - ®(x), where o ~1.38, and

1, =z>-13,
O(x) = 1
1+ 10e~% . gl/(z+1.3)°

Due to the backward bifurcation, the zero solution is stable for our g. The main
numerical observation that we want to report is the following:

It seems that for arbitrary initial segments, the forward numerical solution con-
verges to zero. Typical numerical solutions spend little time, if any, in the vicinity
of the unstable KY-solution y* and of the numerically homoclinic solution.

r < —1.3.

We should mention that, contrary to the previous work [DL-W], we have not
put much emphasis on numerical accuracy in these experiments. In fact, an Euler
method was used to compute solutions. Based on numerical experience, we believe
that, in this case, higher numerical precision would qualitatively give the same
results.

The conclusion from the computations is that the ‘chaos’, the existence of which
we have analytically proved, may be hard to observe in experiments with similar
nonlinearities.
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